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Definitions

Basic definitions (assumed to be known from lectures about signals and systems):

The Discrete Fourier Transform (DFT):

M-—1 M-—1
o(n) o—e Vas(p) = 3 w(m)edHm = 3 u(m) Wi
n=0 n=0

The inverse Discrete Fourier Transform (IDFT):
M-1 M—1

1 2% um —pmn
Vi (p) &0 v(n) = i ; Ve (p) e?3H = — Z Var () Wa,/™,
with the so-called twiddle factors
Wy = eij%r

and M being the number of DFT points.
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Linear and Circular Convolution — Part 1

Basic definitions of both types of convolutions

A linear convolution of two sequences v1(n) and v2(n)with n € Z is defines as

Yun(n) = vi(n) * va(n) = va(n) * v1(n)
= Y u®wn-r = Y v vl- k).

A circular convolution of two periodic sequences v;(n) and vz(n) withn € {0, 1..., M; 5 — 1} and with the same period
M, = My = M if defined as

Yer(n) = wv1(n) ® va(n) = v2(n) ® v (n)
ro+M—1 Ko+M—1
= Z vi(k)va(n — k) = Z va (k) v1(n — K).

The parameter x; needs only to fulfill kg € Z.

l .
'*M Digital Signal Processing and System Theory | Advanced Digital Signal Processing| DFT and FFT Slide 4



DFT and FFT

Christian-Albrechts-Universitit zu Kiel

Linear and Circular Convolution — Part 2

The DFT and it’s relation to circular convolution — Part 1:

The DFT is defined as the transform of the periodic signal with length M. Thus, we have
y(n) o—e Yy (n) &0 y(n) = y(n+ AM).

Applying the DFT to a circular convolution leads to

y(n) = vi(n) ® va(n) o—e Yar(p) = Vin(p) - Vour(p),

with

vi(n) o—e Via(p), . . . . .
’ This means that a circular convolution can be performed very efficiently

. ) e
va(n) o—e Vo ar(p). (see next slides) in the DFT domain!
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Linear and Circular Convolution — Part 3

The DFT and it’s relation to circular convolution — Part 2:

Proof of the DFT relation with the circular convolution on the blackboard ...
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Example:

vi(n)

v2(n) = vo(n —1)

v1(0 —n)

v1(1 —n)

Perioglic - L Periodi'c
extension l extension
—— II? ——— -
0 M
Periodic Periodic
extension ‘ extension
0 M
Periodic Periodic
. —»
extension I extension
—t+— ! I ] —+—t+—t
0 M
Periodic t Periodic
extension ‘ l extension
0 M
Periodic g Periodic
. —
extension ‘ [ extension

i
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Due to the “single impulse behavior”
of vz(n) thevalueat n =1 is
extracted and used at y(0) !

Due to the “single impulse behavior”
of v2(n) the valueat n =1 js
extracted and used at y(1) !
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Linear Filtering in the DFT Domain — Part 1

DFT and linear convolution for finite-length sequences — Part 1

Basic ideas

Q The filtering operation can also be carried out in the frequency domain using the DFT.
This is very attractive, since fast algorithms (fast Fourier transforms) exist.

0O The DFT only realizes a circular convolution. However, the desired operation for linear filtering is linear convolution.
How can this be achieved by means of the DFT?

Given a finite-length sequence v, (n) with length Af; and vs(n) with length Mo:

Q The linear convolution is defined as:
M;—1

y(n) = Z v1(k) v2(n — K),

with a length M; + M — 1 of the convolution result y(n) .

Q The frequency domain equivalent is

Y(e'jn) = Vl(ejﬂ) Vg(ejg).
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Linear Filtering in the DFT Domain — Part 2

DFT and linear convolution for finite-length sequences — Part 2

Given a finite-length sequence v (n) with length A7 and vs(n) with length M (continued):

Q In order to represent the sequence y(n) uniquely in the frequency domain by samples of its spectrum Y(ejQ),
the number of samples must be equal or exceed M; + My — 1. Thus, a DFT of size M > M; + M, — 1 is required.

QO Then, the DFT of the linear convolution
y(n) = vi(n) * va2(n)
is

Yu(p) = Viu(p) - Voar(p).
Explanation on the blackboard (if required) ...

This result can be summarized as follows:

A The circular convolution of two sequences vy (n)with length A and vo(n) with length Mz leads to the same result as the
linear convolution v1(n) * v2(n) when the lengths of v1(n) and v2(n) are increased to M; + M> — 1 by zero padding.
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Linear Filtering in the DFT Domain — Part 3

DFT and linear convolution for finite-length sequences — Part 3

v1(n) = va(n),

Input signals ... “h My = M, —
Alternative interpretation: (U H with My = Mr =06
6
a The circular convolution can be interpreted as a . ] y(n) = v1(n) * va(n)
linear convolution with aliasing. Linear convolution ... rIH Hhr
.............. n
QO The inverse DFT leads to the following sequence in 0 6 12
the time-domain: Right shifted result ... { { y(n —6)
e, Al
oo 0 6 12
>. y(n—AM), ; (n+6)
N — oo Left shifted result ... ‘ ]
Yp(n) = < if0 <n <M, TTH Iy n
0 0 6 12
\ else. Circ. convolution for M =6 ... { yo(n) for M =6
Q For clarification, see example on theright. n
0 6 12
Circ. convolution for M =12 ... [ Yy (n) for M = 12
n
0 6 12
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Linear Filtering in the DFT Domain — Part 4

DFT and linear convolution for infinite or long sequences — Part 1

Basic objective:
Q Filtering a long input signal v(n) with a finite impulse response h(n) of length M,:

Ms—1

y(n) = Z h(k)v(n — k).

First possible realization: the overlap-add method
0O Segment the input signal into separate (non-overlapping) blocks:
v(in —vMy), if0 <n < M,
v,(n) =
0, else.

0 Apply zero-padding for the signal blocks v, (n) — @, (n) and for the impulse response h(n) — h(n) to obtain a block
length M > M; + Ms — 1. The non-segmented input signal can be reconstructed according to

oo

v(n) = Z Uy, (n — vMy).

vV=—00
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Linear Filtering in the DFT Domain — Part 5

DFT and linear convolution for infinite or long sequences — Part 2

First possible realization: the overlap-add method (continued)

O Compute AM-point DFTs of ¢,,(n) and E(n) (need to be done only once) and multiply the results:

Your(p) = Vonr(p) Hy(p), with p € {0, ..., M —1}.

Q The M-point inverse DFT y,,(n) = IDET{Y, (1)} yields data blocks that are free from aliasing due to the zero padding
applied before.

Q Since each input data block v, (n) is terminated with M — M, zeros, the last M — M; signal samples from each output
block ¥, (n) must be overlapped with (added to) the first M — M signal samples of the succeeding block
(linearity of convolution):

oo

y(n) = Z U, (n — v My).

=—00

As we will see later on, this can result in an immense reduction in computational complexity
(compared to the direct time-domain realization) since efficient computations of the DFT and IDFT exist.
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Linear Filtering in the DFT Domain — Part 6

DFT and linear convolution for infinite or long sequences — Part 3

First possible

realization: the
overlap-add method
. Y
(continued) o) \
N\ M — M,
/ , zeros {
Input signal —— i ()
M — M,
{ zeros \
’52 (n) N
N M- M,
zeros
yo(n) M — M samples
added together
A
Output signal —> y1(n) {__ M — M; samples
added together

Yy2(n)
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Linear Filtering in the DFT Domain — Part 7

DFT and linear convolution for infinite or long sequences — Part 4
Second possible realization: the overlap-save method
O Segment the input signal into blocks of length A7 with an overlap of length M — M :

{ v(n —vM), if0<n < M,
v,(n) =

0, else.

Q Apply zero-padding for the impulse response h(n) — E(n) to obtain a block length M > M, + M5 — 1.
O Compute A—point DFTs of v, (n)and E(n) (need to be done only once) and multiply the results:

Yo () = Vio(p) Hy(p), with g€ {0, ..., M —1}.

l .
'*M Digital Signal Processing and System Theory | Advanced Digital Signal Processing| DFT and FFT Slide 14



DFT and FFT

Christian-Albrechts-Universitit zu Kiel

Linear Filtering in the DFT Domain — Part 8

DFT and linear convolution for infinite or long sequences — Part 5

Second possible realization: the overlap-save method (continued)

0 The M-point inverse DFT v, (n) = IDFT{Y, (1)} yields data blocks of length M with aliasing in the first A/ — M, samples.
These samples must be discarded. The last M, = M — M, — 1 samples of y,,(n) are exactly the same as the result of a linear
convolution.

O In order to avoid the loss of samples due to aliasing the last M — M; samples are saved and appended at the beginning of
the next block. The processing is started by setting the first M — M; samples of the first block to zero.

l .
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Linear Filtering in the DFT Domain — Part 9

DFT and linear convolution for infinite or long sequences — Part 6

o~ M M| e M

Second possible

realization: the
overlap-save method v
(continued) vo(n) Copy M — M,
ﬂ samples
y
vy (n) Copy M — M,
/ ﬂ samples
Y
Input signal = va(n)
(all elements are filled)
\ yo(n) < Output signal
\ Discard 1(n) / [
M — M, 3
samples \ Discard Yo (1)
M — M, \
samples \

Discard M — M7 samples
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Linear Filtering in the DFT Domain — Part 10

DFT and linear convolution for infinite or long sequences — Part 7

Partner work — Please think about the following questions and try to find answers
(first group discussions, afterwards broad discussion in the whole group).

O What are the differences between the overlap-add and the overlap-save method?

l .
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Linear Filtering in the DFT Domain — Part 11

Frequency analysis of stationary signals — Leakage effect — Part 1

Preprocessing for spectral analysis of an analog signal v(¢) in practice:
Q Anti-aliasing lowpass filtering and sampling with w, > 2w, , wy denoting the cut-off frequency of the signal.

O For practical purposes (delay, complexity):
Limitation of the signal duration to the time interval Ty = LT
(L: number of samples under consideration, I': sampling interval).

Consequence of the duration limitation:
Q The limitation to a signal duration of 7y can be modeled as multiplication of the sampled input signal v(n) with a
rectangular window (n):
1, if 0<n<L-1,

0, else.

d(n) = v(n)-w(n) with w(n) = {

l .
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Linear Filtering in the DFT Domain — Part 12

Frequency analysis of stationary signals — Leakage effect — Part 2

The consequence of the duration limitation is shown using an example:

Suppose that the input sequence consists of a single sinusoid
v(n) = cos(Qon).

The Fourier transform is
V(s = W[CSO(Q — Qo) + 60(Q + Qo)} .

The Fourier transform of the window functionw(n) can be obtained as
L—1 _ :

W (el = Z eI _ 1 — e 700 — o IUL-1)/2 sin(2L/2)

n=0

The Fourier transform of the windowed sequence ©(n) is

V@) = o [VEe) e w (@)

27

% [W(ej(Q—Qo)) n W(ej(ﬂmo))]

i
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Linear Filtering in the DFT Domain — Part 13

Frequency analysis of stationary signals — Leakage effect — Part 3

Magnitude frequency response |V (¢/})| for L = 25 and Qy = 0,2 - 27

20 log |V (7))

30

N |

Q

Lo
Lo |
bo
Lo |

The windowed spectrumV (¢7*}) is not localized to the frequency of the cosine v(n) any more.
It is spread out over the whole frequency range.

= This is called “spectral leaking”.
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Linear Filtering in the DFT Domain — Part 14
Frequency analysis of stationary signals — Leakage effect — Part 4

Properties of the rectangle windowing:
Q First zero crossing of W(e-m) at Q, = +27/L

O = The larger the number of sampling points L (and thus also the width of the rectangular window) the smaller
becomes (2, (and thus the main lobe of the frequency response).

O = Decreasing the frequency resolution (making the window width smaller) leads to an increase of the time
resolution and vice versa.
Duality of time and frequency domain.

Practical scope of the DFT:

Use of the DFT in order to obtain a sampled representation of the spectrum according to
2

V(edt), Q, = uh H= 0, ..., M — 1.

l .
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Linear Filtering in the DFT Domain — Part 15

Frequency analysis of stationary signals — Leakage effect — Part 5

2
Special case: If M = L and () = Mﬂv, v =0,

o M =1
then the Fourier transform is exactly zero at the sampled frequencies €2, except for 1 = v .

Example: M =50, n=0,...,M — 1, rectangular window w(n)

2 2
vo(n) = cos (I.Oj\;n), vi(n) = cos (1.2}\;71).

Results:
QO DFT of () = vo(n) w(n):
Vo(ejg) = QL [Vo(ejﬂ) €, W(GJQ):| = 0 for QM = MZ?T/]\/I
i

except for . = 1 since {2y is exactly an integer multiple of 27 /M .
= The periodic repetition of vo(n) leads to a pure cosine.

QDFTof vi(n): Q, #v2r/M = V(e’) #£0 for Q, = p2r/M
= The periodic repetition of v1(n) is not a cosine sequence anymore.

l .
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Linear Filtering in the DFT Domain — Part 16

Frequency analysis of stationary signals — Leakage effect — Part 6
sin(Q1n)
Example (continued):
:
<
Time index
sin(an)
:
<

Time index

l .
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Linear Filtering in the DFT Domain — Part 16

Frequency analysis of stationary signals — Leakage effect — Part 7

sin(Q1n)
1 L T T |
Example (continued): - i
()
E
3 0
£
<
-0.5 7
-1 | I ! ! ]
-40 20 60 80
Time index
sin(an)
1 L T T |
0.5 7
£
£ o0
E
<
0.5 7
-1r | | I I ]
-40 20 60 80

Time index
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Linear Filtering in the DFT Domain — Part 16

Frequency analysis of stationary signals — Leakage effect — Part 8

sin(Q1n)
1 L T T |
Example (continued): - i
[0}
E
L e I o 1111111 1 Y
S
<
-0.5 7
-1 | I ! ! ]
-40 20 60 80
Time index
sin(an)
1 F T T 4
05
g
£ o0
E
<
0.5 7
-1r | | I I ]
-40 20 60 80

Time index
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Linear Filtering in the DFT Domain — Part 16

Frequency analysis of stationary signals — Leakage effect — Part 9
[DFT(sin($2,n))| sin(2,n)

30

N
o
T
P
©
o
©

Example (continued): BE -

N
o

=
o
T

Amplitude
o

A
o
T

Magnitude of DFT bins
(&)

o

0 10 20 30 40 50 -40 -20 60 80
Frequency index Time index

IDFT(sin(€2,n))| sin(2,n)

N
a

05

N
o

=
&)1
T

Amplitude
o

-
o
T

05

Magnitude of DFT bins

)]
T

o

0 10 20 30 40 50 -40 -20 60 80
Frequency index Time index

l .
'*M Digital Signal Processing and System Theory | Advanced Digital Signal Processing| DFT and FFT Slide 26



DFT and FFT

Christian-Albrechts-Universitit zu Kiel

Linear Filtering in the DFT Domain — Part 17

Frequency analysis of stationary signals — Leakage effect — Part 10

Partner work — Please think about the following questions and try to find answers
(first group discussions, afterwards broad discussion in the whole group).

O Why is the spectrum of a signal that you analyze using a DFT “widened” and “smeared” in general?

l .
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Linear Filtering in the DFT Domain — Part 18

Frequency analysis of stationary signals — Windowing — Part 1

Windowing not only distorts the spectral estimate due to leakage effects, it also influences the spectral resolution.

First example:

Consider a sequence of two frequency components

v(n) = cos(Qn) + cos(Qan),
o(n) = wv(n) - w(n)
V(ejﬂ) — % [W(Bj(ﬁﬂl)) 4+ W(ej(ﬂfﬂz)) 4 W(ej(ﬂ+91)) + W(Bj(Q+Q2))}

where W (e’%) is the Fourier transform of the rectangular window w(n).

l .
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Linear Filtering in the DFT Domain — Part 19

Frequency analysis of stationary signals — Windowing — Part 2
Consideration of three cases for the relation between €1,Q2and L :
0O 27/L < |21 — Q] : The two maxima (the main lobes) for both window spectra W (e/(*=1)) and W (e/(=%2)) can be separated.
Q 27/L =|Q; — Q| : Correct values for the spectral samples, but the main lobes cannot be separated anymore.
Q 27/L > | — Q| : The main lobes of W (e/(*=1)) and W (e/=2)) overlap.

The ability to resolve spectral lines of different frequencies is limited by the main lobe width, which also depends on the length of
the window impulse response L.

l .
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Linear Filtering in the DFT Domain — Part 20

Frequency analysis of stationary signals — Windowing — Part 3

Second example:

Depicted (on the next slide) are the frequency responses |I7(ej9)| for

u(n) = [cos(ﬂon) + cos(Q21n) + cos(Qan) | w(n)

with Qp = 0.27, Q; = 0.227 and Q5 = 0.67 for different window lengths L .

i
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Linear Filtering in the DFT Domain — Part 21

Frequency analysis of stationary signals — Windowing — Part 4

Second example (continued):

60 f 60 , 60 .
L =2 L =50 IV (e72)]
40 ............ ............. 40 ............ ............. 40
20 ............ ............ 20 20
0 : Q0 QO o 0
o i
—% ——= 0 — 7 —7 —= - —=
9 9
40 40 40 ~ .
20 log 0|V (e7%)]
30 30
20 20
om m
© ©
10t 10
0 0
Q -10 Q -10 ?)
o i o m
- == — 7 - ——= — - ==
T3 05 "3 03 ‘
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Linear Filtering in the DFT Domain — Part 22

Frequency analysis of stationary signals — Windowing — Part 5

Second example (continued):

20 log; |V (e7?)|

dB

—7 _E 0 E T
2 2
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Linear Filtering in the DFT Domain — Part 23

Frequency analysis of stationary signals — Windowing — Part 6

Approach to reduce leakage: Other window functions with lower side lobes (however, this comes with an increase of the
width of the main lobe).

One possible (often used) window: the Hann window, defined as
Wan (1) = %[1 o (%n)} if0<n<L-1,
0, else.

Magnitude frequency response |V (¢/))| of the cosine-function v(n) = cos (Qyn) after windowing with the Hann window:

V(e

20 log,o|V (/)|

Rectangle window | |
Hann window

gl g e

Rectangle window
Hann window

—Tr 0

—T
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Linear Filtering in the DFT Domain — Part 24

Frequency analysis of stationary signals — Windowing — Part 7

Spectrum of the signal v(n) = cos(£2on) + cos(21n) + cos(22n) after windowing with the Hann window:

= 20 o L =150 L =100 o
Rect. window : |V(€j ) |
50 Hann window | B[ s s cogusias s . B0 e e s 1 .

The reduction of the sidelobes
and the reduced resolution
compared to the rectangular
window can be clearly observed.
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Linear Filtering in the DFT Domain — Part 25

Frequency analysis of stationary signals — Windowing — Part 8

Spectrum of the signal v(n) = cos(2on) + cos(£21n) + cos(L2on) after windowing with the Hann window (continued):

60

L = flUU I ] l ! l IRec’[anglelwindow V(32
T T T = )
- — el | IR (|| A— |— SU—

Pt — —" g o | NP TRRpN: | M— O | T— -
20 ........ R | | I L e e e | (A R | 1 : ........ & s o e e
10 ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
0 Q
—r —7/2 0 /2 T
40 T T T | | ]
0 20 0m V()
o0k e W .. ...... ........ ‘1‘\ ..................
N (il
55
_40 \ 1 ZiA ! | 0O
—7 0 /2 T
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Linear Filtering in the DFT Domain — Part 26
Frequency analysis of stationary signals — Comparison of window sequences — Part 1

In the following we will compare different window sequences. Before we start, some global remarks:

a All windows will have the same length: L = 50 (which means that 51 coefficients are used).
O The windows will be centered around 0, meaning that they start at index -25 and end at index 25.

O From time to time the so-called Dirichlet kernel will be used. This an abbreviation for the
following function:
2

1 .
o § ’ 70m

Dk(Q) = 727{' m__ke
1 sin(k—;“lﬂ)

o sin (%)

Q In the following all time sequences are normalized to have maximum amplitude of one. . .
Johann Peter Gustav Lejeune Dirichlet,

Q The magnitude frequency responses are normalized to have unity gain at frequency zero. German mathematician, 1805 — 1859
(Source: Wikipedia)
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Linear Filtering in the DFT Domain — Part 27
Frequency analysis of stationary signals — Comparison of window sequences — Part 2

Some global remarks (continued):

O Creation of window sequences:

O One can start with basic sequences (sin/cos, Gauss function, polynomials, ...)

O One can combine basic sequences (by means of addition, multiplication, convolution, ...)
Q Desired shapes of sequences (their corresponding transforms):

a Small main lobe / large attenuation of side lobes (most of the time)

0 Sometimes also a certain width of the main lobe (SONAR, RADAR, ...)

O Addition of shifted (und multiplied) window sequences (overlap-add filterbanks, ...)

a Small aliasing components (if combined with subsampling in filterbanks, ...)

The more window sequences you know, the better ...
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Linear Filtering in the DFT Domain — Part 28

Frequency analysis of stationary signals — Comparison of window sequences — Part 3

Rectangle window in the time domain Rectangle window in the frequency domain
T T T T T T T T T T

The simplest window ' '

T T

is a rectangle sequence. T 999999 TP T TTTP P P T T T T T T TP PP T TTTTTS 1 _12 (\
0.8 Il -20 - {mﬂﬂ MW i
| e ﬁiimmmmnﬂﬂnmnﬂﬂﬂﬂ”””” ”ﬂ””ﬂ'\ﬂmmnnnnmﬂﬂﬂm

l .
'*m* Digital Signal Processing and System Theory | Advanced Digital Signal Processing| DFT and FFT Slide 38



DFT and FFT

Christian-Albrechts-Universitit zu Kiel

Linear Filtering in the DFT Domain — Part 29

Frequency analysis of stationary signals — Comparison of window sequences — Part 3

Rectangle window in the time domain Rectangle window in the frequency domain
T T T T T T T T T T

The simplest window ' ' ' , of 1 ' 7
10 F .
0.8 _ _ i
Time domain: » |
1, if —£<n<i, Mm
806 Wrect (n) — |
2 0, else.
= I
g oal Frequency domain:
o (L+1
. sin —Q)
0 2
02l Wrect(ej ) — ; Q = 27 DL/Q(Q)
‘ sin (3) * i
0 | EESESEESEEEEESEESEEENENEESSEEESESSEEEEEEEEEN] i ; - ' 1 ! ! ! 1 |
-100 - i
-30 -20 -10 0 10 20 30 4 08 06 -04 02 0 02 04 06 08 1
Coefficient index Normalized frequency / =
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Linear Filtering in the DFT Domain — Part 30

Frequency analysis of stationary signals — Comparison of window sequences — Part 4

|DFT(sin(Q1n))| sin(Q1n)

30 T T T
1r i
Some problems you already 23 7 ?
2 L 0.5 E
know ... E 20 .
wg 18 F % 8
ERLE =
... Create windows that go down § | 05F 1
to zero at the edges. A simple .
. . o . . -1 1 | I 1 i
idea is to use a window that has i 1 @3 @ @ & & 5 P -
a triangular shape (instead of a Frequency index Tine i
rectangular one). 0 |BFT{sin{tL o)l sln{tl.n]
T T 1 [ T T T T T <‘
w250
£ ] >
220t 05h
o) g
wqo—) 15 % 0
S0t B
§ 5t 0.5 |
=
0
L i L i i A -1 I I I 1 ]
0 10 20 30 40 50 -40 -20 60 80
Frequency index Time index
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Frequency analysis of stationary signals — Comparison of window sequences — Part 5

Properties to be
mentioned:

O Better side-lobe
attenuation

3 Can be created as
a convolution
of two rectangle
windows

a Allows for overlap-
add processing
with 50 % overlap

0.8

Amplitude
o
o

©
~

0.2

0

Triangle (Bartlett) window (and rect. window) in the time domain

T T
32 ° +
(~] ]

(~} Q
Q (~]

o (]

— 0 o -
[~] Q
Q (~]

[~} (~}

(~] (~]

I [~} (~} —
@ (~]

[~} (~}

(~] Q
Q [~]

L o O -
Q Q
Pk ¢ Tﬂ HT ) /8
1 1 | | 1 1 |
-30 -20 -10 0 10 20 30

Coefficient index

i
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Magnitude in dB

0

-10

-20

-30

-40 |-

-50 1

-60

=70 1

-80

-90

-100

Triangle (Bartlett) window (and rect. window) in the frequency domain

Him

-04

-0.2 0 0.2
Normalized frequency / =

0.4

0.6 0.8 1
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Linear Filtering in the DFT Domain — Part 32

Frequency analysis of stationary signals — Comparison of window sequences — Part 6

Triangle (Bartlett) window (and rect. window) in the time domain Triangle (Bartlett) window (and rect. window) in the frequency domain

Properties to be ' , o ]
mentioned: 1r 1
Il |
O Better side-lobe osl L 1
attenuation Time domain: , I
3 Can be created as © 0.6} Weri(n) ~ Wreet(N) * Wrect ()
©
a convolution 2
of two rectangle g oal Frequency domain:
windows : — ,
(382 2 7 2 2
Wtrl(e ) ~ VVrect(e ) ~ dm DL/4(Q)
Q Allows for overlap- 0.2} :
add processing ﬂ
Withso%overlap 0 G? EEEEEE N EESS SN NES SN NESSSSSSNSSSEEEEEEEEEEEE P
-100 -
-30 -20 -10 0 10 20 30 4 08 06 -04 02 0 02 04 06
Coefficient index Normalized frequency / =
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Linear Filtering in the DFT Domain — Part 33

Frequency analysis of stationary signals — Comparison of window sequences — Part 8

Properties to be
mentioned:

Q Using now sin/cos
functions

a First, only part of
a cos sequence

Amplitude

S
fo)

©
~

0.2

Cos window (and triangle / rect. window) in the time domain
T T T T T

T T
o(' ) (] o
("] 9
("] Q
() Q ]
o ("}
] (~]
(] ]
@ Q
T (] Q =
[~ (]
Q@ Q
[~] Q@
T ] Q il
J b
| 1 1 1 | | 1
-30 -20 -10 0 10 20 30

Coefficient index

i
-’M Digital Signal Processing and System Theory | Advanced Digital Signal Processing| DFT and FFT

Magnitude in dB
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=70 1
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-100

Cos window (and triangle / rect. window) in the frequency domain

/\ ﬁ

il

nﬂﬂw

[

LB I8 ¥ 018 v ) 8 B8 b W |

-0.8 -0.6 -04 -0.2 0 0.2 0.4 0.6 0.8 1
Normalized frequency / =
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Linear Filtering in the DFT Domain — Part 34

Frequency analysis of stationary signals — Comparison of window sequences — Part 9

Properties to be

Cos window (and triangle / rect. window) in the time domain
T T T T T

Cos window (and triangle / rect. window) in the frequency domain

: or .
mentioned: 1r Tmm 1 {\
10 + -
. . ATt
Q Using now sin/cos 0l 1
functions ' Time domain — (first order) cos window: |
i nm : L L
= Flgszozr;g/ r:;rrfcc;f goe| Wi (n) = { (T) if —5<n<g,
g ?;l 0, else.
<04 \
& = TTYTTT 7] W
70t M n

0.2+ - oL |

-90

0 ?TI TT?

-100

-30 -20 -10 0 10 20 30 4 08 06 -04 -02 0 02 04 06 08 1
Coefficient index Normalized frequency / =
4 .
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Linear Filtering in the DFT Domain — Part 35

Frequency analysis of stationary signals — Comparison of window sequences — Part 10

Properties to be
mentioned:

Q Using now sin/cos
functions

a Only one half of
a Cos wave is
used (can be
changed)

Q Higher orders
(powers) are
possible

O Cos properties can
be exploited

(summing to a constant)

i
-’M Digital Signal Processing and System Theory | Advanced Digital Signal Processing| DFT and FFT

0.8

Amplitude
o
D

o
~

0.2

Cos? window (and cos window) in the time domain
T T T T T T
Ld omo -
o7 %%
(-} -]
[~ [
-] 9 i
Q [~
-] (-3
® [}
il ® 9 il
® -]
® (o]
4+ o m e
eae?ﬂﬂ ﬁTT?%e
-30 -20 -10 0 10 20 30

Coefficient index

Magnitude in dB
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-100

Cos? window (and cos window) in the frequency domain

M :

W |

-0.8 -0.6 -04 -0.2 0 0.2 0.4 0.6 0.8 1

Normalized frequency / «
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Linear Filtering in the DFT Domain — Part 36

Frequency analysis of stationary signals — Comparison of window sequences — Part 11

] Cos? window (and cos window) in the time domain Cos? window (and cos window) in the frequency domain
Propertles to be T T T T T T \‘ L T T T T T T T T T
. 0 Fay .
mentioned: 10
Time domain — (first order) cos window: | 1
Q Using rTow sin/cos 0l o [ ) l
functions Weos1(N) = L) 2 =" =12 1
’ 0 else.
3 Only one half of 206" ’ :
a cos wave is £ . . . y
= Time domain — second order cos window:
used (can be o pd L .
changed) COSQ(T>, if — % <n< %, s |
Q Higher orders 0.2} Weos2(1) =
g : 0, else. |

(powers) are

possible R I em—— w”” ” . _l Iom”J!]FWW

-100

Q COS propertles can -30 -20 -10 0 10 20 30 -1 -0.8 0.6 -04 -0.2 0 0.2
be exploited Coefficient index Normalized frequency / =

(summing to a constant)

0.8 1
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Linear Filtering in the DFT Domain — Part 37

Frequency analysis of stationary signals — Comparison of window sequences — Part 12

] Cos3, cosz, and cos windows in the time domain Cos3, cosz, and cos windows in the frequency domain
Propertles to be T T T T T T T sl T T T T T T T T T ]
mentioned: 10 39790 i

sf % 10k ]
0 Using now sin/cos oal " 11 | 20} I
functions T ? a0 1
® @ -
a Only one half of g06f ? ¢ | 2 a0f ﬂ |
a cos wave is 2 7 ? 8 ol )
g- o] (-] 2
used (can be -l & ! I 5 ool ﬂ “ |
changed =
ged) ol (‘ W |
Q Higher orders 0.2+ : i ]
(powers) are
- il It
possible ol oosee? 0600
-100
: | | | | | | IR ({1 1111 1M il | | | RALITLITLY]
= COS propertles can -30 -20 -10 0 10 20 30 -1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1
be exploited Coefficient index Normalized frequency / =

(summing to a constant)
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Linear Filtering in the DFT Domain — Part 38

Frequency analysis of stationary signals — Comparison of window sequences — Part 13

] Cos3, cosz, and cos windows in the time domain Cos4, cosa, cosz, and cos windows in the frequency domain
Propertles to be T T T T T T T . T T T T T T T T T
mentioned: 1r %1% 1

88 88 18
0 Using now sin/cos oal 3 $ | 20
functions Iri ‘%T -
m
a Only one half of g06] I I | 2 40
a cos wave is 2 I I 3 50
Q (0] ® =2
used (can be g oal $ ¢ 15
’ ® ) @ -60
hanged) =
C g 9 () 70
Q Higher orders 0.2+ : -
(powers) are ﬁ% %ﬁ ool
possible ol ooseett 9866500
-100
= COS propertles can -30 -20 -10 0 10 20 30 -1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1
be exploited Coefficient index Normalized frequency / =

(summing to a constant)
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Linear Filtering in the DFT Domain — Part 39

Frequency analysis of stationary signals — Comparison of window sequences — Part 14

2 3

Cos3, cos“, and cos windows in the time domain Cos4, cos
T T T T

T T T T

s cosz, and cos windows in the frequency domain
T T T T T

Properties to be '

| il | A |

Q Using now sin/cos 1
0.8 . . .
functions Time domain of kt" order cos window: l
O Only one half of g06] — cos’“(%), if — % <n< %j , 1
i = cos,k -
a Cos wave is 2 0, else. | |
used (can be g oal I
changed) pei Py ‘ = -
Q Higher orders 0.2 I .

(powers) are

possible . —eoeoaﬁﬁﬁ ﬁ%&i‘ew 90 |

-100

1 1 | | 1 1 |

Q COS propertles Can -30 -20 -10 0 10 20 30 -1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1
be exploited Coefficient index Normalized frequency / =

(summing to a constant)
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Hann window in the time domain
T T

Properties to be ' ' ' '
mentioned: 1r 977990
QGQ oﬁa
a Combining rectangle osl Q Q
' Q Q
and cos sequences ® 9
[~} [~]
0 Hann window ©06F @ °
3 ® @
E_ o] ®
<04t * ®
Q Q
0.2 X X
” en@‘i'Tﬂ TTT?@ "
-30 -20 -10 0 10 20

Coefficient index

Of=
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Magnitude in dB
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-100

Christian-Albrechts-Universitit zu Kiel

Hann window in the frequency domain

Mmﬂﬂﬁ

-0.2 0 0.2
Normalized frequency / «
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Linear Filtering in the DFT Domain — Part 41

Frequency analysis of stationary signals — Comparison of window sequences — Part 16

Hann window in the time domain Hann window in the frequency domain
T T T T T T T

Properties to be ' '

- | A, | = A *

Q Combining rectangle | 1

and cos sequences Time domain - Hann window: |
0 Hann window 4 06l 0.5+ 0.5 cos (—QW) if —L<p<k -

= wI—Iann(n) = L) 2 ="=27
= 0, else. ; .

£
<04r i -
- ‘ ‘ ‘ ‘ : :
70 ﬂﬂ” | l WM” |
0.2 |

. mﬂﬂ ﬁTT?@ Zz 7

-100

-30 -20 -10 0 10 20 30 -1 -0.8 -0.6 -04 -0.2 0 0.2 0.4 0.6 0.8 1
Coefficient index Normalized frequency / «
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Linear Filtering in the DFT Domain — Part 42

Frequency analysis of stationary signals — Comparison of window sequences — Part 17

Hamming window (and Hann window) in the time domain Hamming window (and Hann window) in the frequency domain

Properties to be | j of ]
mentioned: dh aemea 1 ol |
a Combining rectangle sl ol Po | 20 -
and cos sequences ' 89. '98 . 1
a Different weighting g06] 38 88 i % 40 M “ h 1
in order to 2 ? ? 2 \ ‘ . M \ _
minimize the g oal ] % 60 mMMMMMM ‘ ﬂ MMMMMMN
largest side lobe = ol 7
0 Hamming window 02| ﬂ H i ol | ‘
o - ) itk
-3IO -2IO -1‘0 (; 1I0 2I0 3l0 -1 -0I.8 -0I.6 -(;.4 -(;.2 E) 0‘.2 0.I4 0i6 Oi8 1

Coefficient index Normalized frequency / =
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Linear Filtering in the DFT Domain — Part 43

Frequency analysis of stationary signals — Comparison of window sequences — Part 18

Hamming window (and Hann window) in the time domain Hamming window (and Hann window) in the frequency domain

Properties to be ' , o 1
mentioned: 1 TTTTTTT . /\
10 ]
Q Combining rectangle | °?T T?“" I
and cos sequences ' Time domain - Hamming window: |
Q Different weighting 06 0.54 4+ 0.46 cos (222), if —L <n<iL =
in order to E WHamm (1) = i S
5 0, else. M N
minimize the &l 7
largest side lobe ' ‘ = . ‘ ' ‘ '
O Hamming window 0.2 ﬂ ﬁ ’ &0
-90
R i itk
-100 1
-30 -20 -10 0 10 20 30 -0.2 0 0.2 0.4 0.6 0.8 1
Coefficient index Normalized frequency / =
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Frequency analysis of stationary signals — Comparison of window sequences — Part 19

Hamming window (and Hann window) in the time domain

Hamming window (and Hann window) in the frequency domain

Properties to be ' ,
: or "
mentioned: 1r 888R 1 /\
QO Combining rectangle o Time domain — General approach: |
and cos sequences a+ (1 - a) cos (m) g Loyl ]
Q Different weighti WHamm (1) = Ly 2T
ifferent weighting ¢ o6 0, else I
in order to 2 ‘f
minimize the E A Frequency domain — General approach: wmm
largest side lobe 1
; —a 27 2m
. 0% et ~ aDp,s(Q)+ Do Q=" )+ Do Q4+ =
0 Hamming window 0.2f g Hamm (€”") £/2(8) 2 L/2 L L/2 L
i 1
O
| | | | 1 1 | -100 1 | | |l| l I' L | | {YW
-30 -20 -10 0 10 20 30 4 08 06 04 02 0 02 04 06 08 1
Coefficient index Normalized frequency / =
1 .
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Linear Filtering in the DFT Domain — Part 45

Frequency analysis of stationary signals — Comparison of window sequences — Part 20

. Blackman window (and Hann/Hamming) in the time domain Blackman window (and Hann/Hamming windows) in the frequency domain
Propertles to be T T T T T T T al T T T T T T T T T ]
mentioned: r o777 i

o] [~ A0 |- .
- ©
Q Combining rectangle | 11 )il | 20} .
and cos sequences ¢ 9 30k 4
. . . e e Hl
a Different weighting 206} ® ) | o 4ot 1
in order to = ¢ ¢ 2 .50l
Q. =]
minimize the £ i i =
. <04} ® ® i 2 60} ”
largest side lobe = 0 ﬂﬂ
Q Three cos sequences 0.2} 1 8ol
(Blackman window) ﬂ ﬁ’
T T 90}
-100
-30 -20 -10 0 10 20 30 -1 -0.8 -0.6 -04 -0.2 0 0.2 0.4 0.6 0.8 1
Coefficient index Normalized frequency / =
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Linear Filtering in the DFT Domain — Part 46

Frequency analysis of stationary signals — Comparison of window sequences — Part 21

. Blackman window (and Hann/Hamming) in the time domain Blackman window (and Hann/Hamming windows) in the frequency domain
Propertles to be T T T T T T T all T T T T T T T T T i
mentioned: 1r _69996.. ] [\

0 Combining rectangle ol Time domain — General approach: » |
and cos sequences a + b cos (2””) + ¢ cos (22””) if —L<p<i | 1
Q Diff t weighti WRlackman (1) = L Ly 2= T
ifferent weighting g 06} 0, else. ]
in order to ;i
minimize the E ol Frequency domain — General approach:
largest side lobe | b [ o o
W Y ~ aDp Q) + = |Dpp( Q=) +DrplQ+ =
0 Three cos sequences 0.2} Blackman (€ £/2(8) 9 | L2 L L/2 L
(Blackman window) - ) ) |
C 7 T '
00009 + = |Dpp|Q—2— ) +Dpp| Q+2—
. 2 L L
-30 -4 B D.8 1

TUCTITOTGTTIT ITTUG7A TVOTTT ToOOCTToy 777

l .
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Linear Filtering in the DFT Domain — Part 47

Frequency analysis of stationary signals — Comparison of window sequences — Part 22

. Blackman/Harris window (and others) in the time domain Blackman/Harris window (and others) in the frequency domain
Propertles to be T T T T T T T al T T T T T T T T T ]
mentioned: 1 +97% 7

¢ $ 10 ]
- $ ¢
Q Combining rectangle . II II | 20+ .
and cos sequences 30k 4
. . . @ @ an}
a Different weighting 206} 3 )\ | © a0} 1
. 0 Fi £
in order to = ¢ ¢ 8 5ol
s 2 3|t ?ls E
minimize the <04t 9 ®le T § -60 |
largest side lobe ¢ ¢ =
& 70}
O Four cos sequences 02f - |
(Blackman/Harris ﬂ; ﬁi |
window) 0 —eeeaﬁz 3&%
-100
-30 -20 -10 0 10 20 30 -1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1
Coefficient index Normalized frequency / =
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Linear Filtering in the DFT Domain — Part 48

Frequency analysis of stationary signals — Comparison of window sequences — Part 23

Time domain — General approach: L
Properties to be '
' : 1} a+bcos(27r—”)+ccos(2%—”)+dcos(3%—”), if —L<n<i |
mentioned wBlack‘/Harr.(n) - L L L 2 2
o 0, else
Q Combining rectangle | .
and cos sequences Frequency domain — General approach:
Q Different weighting 406! . b | 27 27
in order to E Whlacke /are(€’) ~ aDp2(Q) + 5 | Dy (Q - f) +Diy (Q " f>
minimize the g4l - ]
i c 21 21
largest side lobe I = Dy (Q _ 27) + Dy (Q n Qf)
O Four cos sequences 0.2f i i
(Blackman/Harris al 9 97\ | .
-3IO 1

Coefficient index

i
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Normalized frequency / =
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Linear Filtering in the DFT Domain — Part 49

Frequency analysis of stationary signals — Comparison of window sequences — Part 24

Properties to be
mentioned:

Q Dolph-Chebychev
window

QO Optimized according
to the minimax
criterion

3 Based on (very
simple) poly-
nomials in the
frequency
domain

Q Side lobes adjusted
to -80 dB

0.8

0.6

Amplitude

©
~

0.2

Chebyshev window in the time domain

T T

T

T T

G}nnnn [~
o [~
Q [~
[~ [~
@ [~
" © 9 Il
@ o
[~ [~
i [~3 Q I
Mﬂ»ﬂﬂ ﬁﬁm
30 -20 -10 0 10 20 30

Coefficient index
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Chebyshev window in the frequency domain

T

T

T T

T

T

T

1

T

T

T
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Normalized frequency / =
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Frequency analysis of stationary signals — Comparison of window sequences — Part 25

Frequency domain:
Properties to be ' -
mentioned: 1t oS (L cos ! (6 oS (w%)))
L2 18 =}
Weneb. (€2 27) = (=1)"
Q Dolph-Chebychev 5 I cosh (L COSh_l(ﬁ)) -
window -
Q Optimized according g os/. 3 = cosh (1 Cosh—l(loa))
to the minimax 2 L
iteri =
criterion <o4f ‘ T tan~! ( 1212)? if || <1,
0 Based on (very cos ! (x) = ¢
simple) poly- 0.2} \ In ($ +Vr? — 1); else.
nomials in the , : : = : : : ‘
frequency 0 _oom??ﬂ TT??eme m M
domain . . , , | . | 7100] | | | . | | |
-30 -20 -10 0 10 20 30 -1 -0.8 -0.6 -04 -0.2 0 0.2 0.4 0.6 0.8 1
Q Side lobes adjusted Coefficient index Normalized frequency / =
to -80 dB
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Linear Filtering in the DFT Domain — Part 51

Frequency analysis of stationary signals — Comparison of window sequences — Part 26

p i to b Chebyshev window in the time domain Chebyshev window in the frequency domain
roperties to be , 1 r r r . 1 : ; : : 1 : ] 1 ]
. or -
mentioned: r o717 i
@ (] -10 + S
1~
Q Dolph-Chebychev ¢ ﬁ 20} i
: 0.8} i : I
window % 1
0 Optimized according o o6 ? Some further explanations on Chebychev polynomials on the blackboard ... |
a 06 |
T @
to the minimax = )
Q. E U
; ; € o] ® =
criterion & | . : .
0 Based on (very -
simple) poly- 0.2f 1 80
nomials in the Tﬂ hT ool
frequency 0 _ow?‘?ﬂ T??%ﬂoe
. -100
domain | . . . . | .
-30 -20 -10 0 10 20 30 1 08 06 04 02 0 02 04 06 08 1
0 Side lobes adjusted Coefficient index Normalized frequency / m
to -80 dB
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Linear Filtering in the DFT Domain — Part 52

Frequency analysis of stationary signals — Comparison of window sequences — Part 27

Properties to be
mentioned:

Q Dolph-Chebychev
window

QO Optimized according
to the minimax
criterion

3 Based on (very
simple) poly-
nomials in the
frequency
domain

Q Side lobes adjusted
to-10 dB

i
'FM Digital Signal Processing and System Theory | Advanced Digital Signal Processing| DFT and FFT

0.8

0.6

Amplitude

Cheb. and rectangle window in the time domain

Wmmmmmﬁmmm@

Coefficient index

Magnitude in dB

-10

-20

-30 H

-40

-50 H

-60 H

-70 H

-80

-90

-100

Cheb. and rectangle window in the frequency domain

I

T

T

=
e

T T T T T

ey

SSPS—— e
e =
—
—

-0.8

-0.6

-04 -0.2 0 0.2 0.4 0.6 0.8 1
Normalized frequency / =
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Linear Filtering in the DFT Domain — Part 53

Frequency analysis of stationary signals — Comparison
of window sequences — Part 28

Cheb. and rectangle window in the tir and rectangle window

he frequency domain

Properties to be

T oancreomer | ’ | —
sotoney 1] |

LALLLLL L4 8 b a0 a000000000t0ttotonds IlIIIIIIIlII -90

frequency 0
. -100
domaln 1 1 1 1 I} I} | 1 | 1 1 1 1 1 1 1
-30 -20 -10 0 10 20 30 =1 -08 -06 -04 -02 0 0.2 0.4 0.6 0.8 1
0 Side lobes adjusted Coefficient index Normalized frequency / m
to-10dB
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Linear Filtering in the DFT Domain — Part 54

Frequency analysis of stationary signals — Comparison of window sequences — Part 29

Tukey window in the time domain Tukey window in the frequency domain
P tiestob
ro er |es 0 e T T T T T T T T T T T T T T T
pe o j
. - (e etalolotelololollelolalaloalo ote ot ol o oto) -
mentioned: 1 g e ol _
® @ i
0 Combining cos il s 8 | 20t ﬂ (\ 1
and rectangle & 5 anl. ﬂ ﬂ ]
sequences S
g L06F ® 5 | o -40r |
Q Well suited for 2 3 o0l ]
. . @ ) =
extraction certain £, | & el Qﬂ m |
time-domain = .
pa rts | i
0.2 5
90 - =
-100 - .
-30 -20 -10 0 10 20 30 -1 -0.8 -0.6 -04 -0.2 0 0.2 0.4 0.6 0.8 1
Coefficient index Normalized frequency / =
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Linear Filtering in the DFT Domain — Part 55

Frequency analysis of stationary signals — Comparison of window sequences — Part 30

P i to b Tukey window in the time domain Tukey window in the frequency domain
roper |es 0 e T T T T T T T T T T T T T T T
] or -
mentioned: t S PP PP i [\
. Time domain — General approach:

a Combining cos | , .
and rectangle (1, if 0 < |n| < a%’ _ |
sequences i

Q Well suited for = Tukey 3 T | LTS\ o)L nl < 3, |

. . E L

extraction certain £ 0.4} \ 0’ |

time-domain ‘ - T |

parts | |
0.2 5
90 =
-100 .
-30 -20 -10 0 10 20 30 -1 -0.8 -0.6 -04 -0.2 0 0.2 0.4 0.6 0.8 1
Coefficient index Normalized frequency / =
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Linear Filtering in the DFT Domain — Part 56

Frequency analysis of stationary signals — Comparison of window sequences — Part 31

P ti tob Combined window (si() and cosz()) in the time domain Combined window (si() and cosz()) in the frequency domain
roper |es O e T T T T T T T T T T T T T T T T
. or -
mentioned: 1r ? 1
A0 |- .
Q Combining finiteand | It | 20 .
infinite windows sl 1
m
0O Example: cos? and 206] i 2 aof ]
. >
sm(x)/x = ollle § -50 .
£ £
Q E.g. used for <o04r g § 60 ﬂ
specific beam- 70l ﬂn
forming 0.2f - il
applications T T T T |
l l -100
-30 -20 -10 0 10 20 30 -1 -0.8 -0.6 -04 -0.2 0 0.2 0.4 0.6 0.8 1
Coefficient index Normalized frequency / =
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Linear Filtering in the DFT Domain — Part 57
Frequency analysis of stationary signals — Comparison of window sequences — Part 32

Combined window (si() and cosz()) in the time domain Combined window (si() and cosz()) in the frequency domain

of i
mentioned: 1F ? ] / \
Time domain:

Q Combining finiteand | , 1
infinite windows

Properties to be '

Weomb. (1) = ’
. 2 comb.
Q Ex:?\mple. cos® and gost 0, else
sin(x)/x = 1
£ Frequency domain:
Q E.g. used for <o04r -
ifi 12 12 12
SpECIfIC beam- I/Vcom‘b.(ej ) ~ 005,2(63 ) * Widcal lowpass(e’] ) -
forming 0.2} |
applications ' T T T T ' ' ' - ' |
0 —eeeoeeoaoﬁﬂgueT ? ? Teggﬂ%m—
l l -100
-30 -20 -10 0 10 20 30 4 08 -06 04 -02 0 02 04 06 08 1
Coefficient index Normalized frequency / =
i .
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Linear Filtering in the DFT Domain — Part 58

Frequency analysis of stationary signals — Comparison of window sequences — Part 33

. Combined window (si() and Cheb.) in the time domain Combined window (si() and Cheb.) in the frequency domain
Propertles to be T T T T T T T al T T T T T T T T T ]
mentioned: 1r ? 1

A0 |- .
Q Combining finiteand | 717 | 20 -
infinite windows sl 1
m
QO Example: sin(x)/x 206} | o 40t 1
=} )
and Chebychev = |- 3 50} ]
. E x—
window -l i 5 0l ]
=
Q E.g. used for 70l ]
specific beam- 0.2f - il |
formin
cati fe TIIIT ofs "
applications 0F 000000000090, 0! I? Pl jo990000000000 -
l l -100
-30 -20 -10 0 10 20 30 -1 -0.8 -0.6 -04 -0.2 0 0.2 0.4 0.6 0.8 1
Coefficient index Normalized frequency / =
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Linear Filtering in the DFT Domain — Part 59

Frequency analysis of stationary signals — Comparison of window sequences — Part 34

Could be continued virtually endlessly, but for now it should be enough ...

l .
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Linear Filtering in the DFT Domain — Part 59

Frequency analysis of stationary signals — Windowing

Partner work — Please think about the following questions and try to find answers
(first group discussions, afterwards broad discussion in the whole group).

O Why do we apply a window function before performing a Fourier transform?

l .
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Fast Computation of the DFT: The FFT — Part 1

Basics — Part 1

When computing the complexity of a DFT for the complex signals v(n) € C and complex spectra V(1) € C, we obtain

M-1
Vj\{ E _]‘U’Mn with p € {0, 1, ..., M — 1}.
n:[) 1 compl. mult. M result values

~

M compl. mult.

In total we need about A7% complex multiplications and additions

Remarks (part 1):

O 1 complex multiplication — 4 real multiplications + 2 real additions,
1 complex addition —s 2 real additions.

O When looking closer we see that not all operations require the above mentioned complexity:
Q M values have to be added, = (M — 1) additions,

JTA +iAw/2
, €

Q for the factors ¢, e multiplications are not required,

Q for 1 = 0 multiplications are not necessary.

l .
'*M Digital Signal Processing and System Theory | Advanced Digital Signal Processing| DFT and FFT Slide 71



DFT and FFT

Christian-Albrechts-Universitit zu Kiel

Fast Computation of the DFT: The FFT — Part 2

Basics — Part 2

Remarks (part 2):

Q Multiplications and additions are not the only operations that should be considered for analyzing the
computational complexity.

O Memory access operations, checking conditions, etc. are as important as additions and multiplications.

O Cost functions for complexity measures should be adapted to the individually used hardware.

Basic idea for reducing the computational complexity:

The basic idea for reducing the complexity of a DFT is to decompose the ,,big problem” into several ,,smaller problems”.
This usually leads to a reduction in complexity. However, this ,trick” can not always be applied.

l .
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Fast Computation of the DFT: The FFT — Insertion Part 1

The Goertzel Algorithm

Basics:
QO The name stems for an American physicist (1919 — 2002).

0 The basic idea of this algorithm is to reduce the number of multiplications as much as possible if only a single DFT pin
should be computed.

O The principle works also if an arbitrary frequency supporting point (not on the DFT grid) should be computed.

Number of real multiplication for a single bin:
Q The signal v(n) is assumed to be real.

M-—1
Var(po) = Y v(n) e 2Homm,
n=0

7

~

2 real mult.
A -~ v

2M real mult.

l .
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Fast Computation of the DFT: The FFT — Insertion Part 2

The Goertzel Algorithm

Derivation:
M1
Vir(po) = 3 v(m) - e7moE
n=0
... inserting the abbreviation W,; = ¢~/ ¥ (twiddle factor) ...
M—1
= Z v(n) - Wi"
n=0
... exploiting that W ;"
M—1

_ Z v(n) ) W]\_/IMU (M—”)_

n=0

— I FTHoM _ 52mpo — 1

Interpretation as a convolution (but only at one specific sample):

M—1
V]‘VI(IJ’O) — Z U(n) . Wﬂ}#() (f\/f—n) — ('U(n) * WA:[TEMO)

n=0

n=M

l .
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Fast Computation of the DFT: The FFT — Insertion Part 3

The Goertzel Algorithm

Interpretation as a convolution (but only at one specific sample):

M-1

VM(MO) _ Z U(n) ) WI\;’MO (M—n) _ (”U(n) " WIQ(R—H)HU) .
n=0 n=M-—1
FIR filter with the coefficients h; = WI&”“)”D withi € {0, 1, ..., M —1}.
Example for n = 4: Example for n = M — 1:
v(4) | ©v(3) | v(2) | v(1) | v(0) 0 0 0 o(M—Dlo(M-2)|o(M=3)| ... | w0
W oW 2o w2 g Mee W WA WA g M

l .
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Fast Computation of the DFT: The FFT — Insertion Part 4

The Goertzel Algorithm

Extending the filter:

Example for n = M — 1, “normal” filter:

o(M—1)|o(M=2)lo(M—=3)| ... | (o)

—lpo| 7 —20d 117 — 3144 r— Mg
WIIVI WIIVI W]\4 e i e et I/I/JU'

Example for n = M — 1, “extended” filter:

v(M—=1)|o(M=2)[v(M-3)| ... v(0) 0 0

—1po —240 —3L0 r— Mg —1uo —2p0
W]'V_[ W]\/f W]\4 e - i e I/T/JU' W]'V[ W]'V_[

l .
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Fast Computation of the DFT: The FFT — Insertion Part 5

The Goertzel Algorithm

Some more specific look on the filter realization:

H(z) = Zhi 27"

... inserting the definition of the filter coefficients h; = WM(ZH)“’ ‘..

e o]

_ ZWA}U—UHU Ll

i=0
... exclude one of the twiddle factors ...

o
= Wﬁ; * Z W]&WJ’O Z_?:
... multiply with a “complicatedly written 1”...

1— W=, Ko —1 o0
_ p M —ip
o Wﬂ/ﬁ W Mo, — Z W vz

l .
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Fast Computation of the DFT: The FFT — Insertion Part 6

The Goertzel Algorithm

Some more specific look on the filter realization (continued):

1 — W, /Jfﬂz—l o0
— Ho M —%uo
Hz) = Wi S ZW
multlply the numerator with the sum ...
ioj ip ' ioz (i+1)po _—(i+1)
Wy, 2" — Wy, z—\
_ o =0 i=0
M 1— Wy 2!
... exploit that only the sums differ only in one element ...
W}e{ 20

pu— |f|f .
M —““

... simplify the numerator ...

1
— W.uo_
Mo w2

l .
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Fast Computation of the DFT: The FFT — Insertion Part 7

The Goertzel Algorithm

Some more specific look on the filter realization (continued):

1

H(Z) - Wf/fo ' 1 — Wﬂ}uo »—1
... multiply with a “complicatedly written 1”...
S (TR L a—
1 —-W,/ % 1 — WM“U 21
... combine both denominators ...
T 1— Wi 21

1 —2cos(2pg) 2= + 272

... split the filter into three subfilter ...
1
— (1 = WHo ,—1) ko
1 —2cos(3po) 2~ + 272 ( M) Wi

i
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Fast Computation of the DFT: The FFT — Insertion Part 8

The Goertzel Algorithm

Some more specific look on the filter realization (continued):

1

H = (1 = WO 1) LMo
(2) 1 —2cos(3T o) 2~ 1 + 272 \( M - )J NG

~ g - H z Hso(z

) 1(2) 2(2)

First filter, computed fromn=0ton=M — 1 :

1
Ho(z) = o yo(z) = wv(n)+bryo(n—1)—yo(n—2)
1-2 COS(M,(LO) 274 272

N

'

by
Second filter, computed only for n = M — 1:
Hi(z) = (1—W 271 y1(2) = wo(n) —a1yo(n—1)
——

ai

l .
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Fast Computation of the DFT: The FFT — Insertion Part 9

The Goertzel Algorithm

Some more specific look on the filter realization (continued):

1

H = (1 = WO 1) LMo
(2) 1 —2cos(3T o) 2~ 1 + 272 \( M - )J NG

~ g - H z Hso(z

) 1(2) 2(2)

Third filter, computed only forn = M — 1 :

Hi(z) = Wi y(z) = Wi yi(n)

l .
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Fast Computation of the DFT: The FFT — Insertion Part 10

The Goertzel Algorithm

Some more specific look on the filter realization (continued):

1

H(z) = (L=Wip 27t - WP
(2) 1— 2COS(%[L0)Z_1 + 272 \( j/f )J NG

~ g - H z Hso(z

) 1(2) 2(2)

The first filter requires one real multiplication per sample, in total N real
multiplications.

The second filter requires two real multiplication (only for the final sample).

The third filter requires two real multiplication (only for the final sample).

i
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Fast Computation of the DFT: The FFT — Part 3

Radix-2 approach (decimation in time) — Part 1

For fast (efficient) realizations of the DFT some properties of the so-called twiddle factors W}," = e~ /F " can be used.
In particular we can utilize

O the conjugate complex symmetry
wir = [
Q and the periodicity both for n and for u
Wﬁn _ Wﬂ(n-mM) _ W}%JFAM)TL.

For a so-called radix 2 realization of the DFT we decompose the input series into two series of half length:
vi(n) = v(2n),
va(n) = v(2n+1),

M
each with n € {0, 1, ..., 5 = 1}.

l .
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Fast Computation of the DFT: The FFT — Part 4

Radix-2 approach (decimation in time) — Part 2

If we assume that the orignal series has an even length, we can decompose it according to

Vui(p) = Z v(n) e 7k e {0, 1, ..., M —1}

... splitting the sum into even and odd indices ...
M/2—1 M/2—1

= Y vEn) Wyt + Y w@n+ 1) Wity
—— \_\,_/

n=>0 n=0
vi(n) va(n)

... inserting the (signal) definitions from the last slide ...
M/2—1 M/2—1
= Z vi(n) W™ + W Z va(n) W™

n=0 M n=0 M

M nn
WMT/Q WM’/Q
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Fast Computation of the DFT: The FFT — Part 5

Radix-2 approach (decimation in time) — Part 3

DFT decomposition (continued)

M/2—1 M/2—1
Vi) = 3wl Wa Wl 3 van) Wip
WM/z WM/z

... inserting the definition of a DFT (of half length) ...
= Vayaa(p) + Wap Varyz2(p)-

\ \ DFT of length % for the signal vs(n)

DFT of length % for the signal v, (n)

Please note that this decomposition is — due to the periodicity of Vi 2,1(1t) and Vas/2.2(1t) —also true for u > M/2.
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Fast Computation of the DFT: The FFT — Part 6

Radix-2 approach (decimation in time) — Part 4

For the computational complexity we obtain:

Q Before the decomposition:

1 DFT of order A —  M? operations.
Q After the decomposition: 5
M 2 M? M? _
2 DFTs of order A7/2 — 2 > ) = 4 = 5 operations and
combining the results — M operations.

Using this ,splitting” operation we were able to reduce the complexity form 7M? down to %M 24 M.
For large orders M this is about a half.

l .
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Fast Computation of the DFT: The FFT — Part 7

Radix-2 approach (decimation in time) — Part 5

Graphical explanation of (the first stage of) the decomposition for A/ = & :

= ’/f.,:]
W

-
>

#(0) —— Y
o) — O Al AN

of

& ' P
Wi
d V(2 \\/ i

A -
y

4 W2
v(6) ———> o >
Vi.2(0) 8
V(1) ——> o >0 - - P
’U(?)) > Of > & >\V
. order |Va.2(2) //\\VW = W3
v(5) —— 4 >— >0 =
7 V4,2(32 / - W6 = _W82 -
v(7) ——> > '\\;/1/7 - >
8 — ~ 'YFsg

i
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Vz(0) = Vi1(0) + Wg V42(0)

> Ve(1) = Via(1) 4+ Wi Via(1)

Va(2) = Vaa(2) + Wg Via(2)
Va(3) = Vaa(3) + Wg Via(3)

Vs(4) = Vi1(0) — Wg Vi2(0)

> Vs(5) = Vii(1) — Wy Via(l)

Vs(6) = Vi1(2) — W Via(2)

Va(7) = Vii(3) — W3 Vi2(3)

Christian-Albrechts-Universitit zu Kiel
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Fast Computation of the DFT: The FFT — Part 8

Radix-2 approach (decimation in time) — Part 6

This principle can be applied again. Therefore, M /2 has to be even again. Then we get four DFTs of length A/ /4 and another M
operations for combining those four DFTs such that we get the desired outputs. Together with the operations necessary for
combining the low order DFTs we obtain a complexity of

M?
e + 2M complex operations.

We can apply this principle until we reach a ,minimum order” DFT of length 2. This can be achieved if we have
M = 2™, withm € N.

As a result M has to be a power of two.
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Fast Computation of the DFT: The FFT — Part 9

Radix-2 approach (decimation in time) — Part 7

Graphical explanation of (the second stage of) the decomposition for M = 8:

v(0) ——> DFT >——e »—0— >— >—0 > Vz(0)
of order Wy \ Wy
vd) —> 2 N~ e 00— V(1)
’ W Wg
v(2) —»]  DFT E N O Vs(2)
of order 2 8
v(6) ——— 2 o = < O— Vs(3)
S XX 0
v(l)—»  DFT > AAAA Va(4)
v(5) — 2 V& (5)
TV8 —W'gl
v(3) —>» DFT >— »—0  — >0 > V3(6)
of order /\\AWQ / —WE
V(7)) ——» 2 o >—0O o 00— » Vx(7)
~
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Fast Computation of the DFT: The FFT — Part 10

Radix-2 approach (decimation in time) — Part 8

As a last step we have to compute a DFT of length 2. This is achieved by:

V2(0) = 9(0)+ WPo(1) = 9(0) + a(1),
Va(l) = 9(0)+Wya(1) = 5(0) —a(1).

=Y

This basic scheme is called ,butterfly” of a radix-2 FFT. The abbreviation FFT stands for Fast Fourier Transform.
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Fast Computation of the DFT: The FFT — Part 11

Radix-2 approach (decimation in time) — Part 9

When computing the individual butterfly operations we can exploit that the twiddle factors W}, and —W¥, differ only in
terms of their sign. Thus, we can apply the following simplification:

\

Y

Pathes without variables using a factor of 1!

This leads to a further reduction in terms of multiplications (only 50 % of them are really required).

In total we were able to reduce the required operations for computing a DFT fromAZ2 down to M log, M by using efficient
radix-2 approaches.

Examples: M = 32  — M? ~ 1000, M log, M ~ 160 — Factor6,
M = 1024 — M? ~ 10° M log, M ~ 10* —  Factor 100.
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Fast Computation of the DFT: The FFT — Part 12

Radix-2 approach (decimation in time) — Part 10

Graphical explanation of the decomposition for M = 8 with optimized butterfly structure:

v(0)  — »——O >—e »—O >— >—0 » Vi(0)
Wy ><: \/ \ /
v(4) > e >1 o >—e »—O >— > Ve(1)
L om > >
v(2) — - < Vs (2)
o= w0 NXX A
-1
Wy ‘ ’
v(1) > o > o > o > 8 AAAA Va(4)
i ‘ . SXX ;
v(5) " 1 ~_ Va(5)
Wé] 145
v(3) >—e > 0O . >0 — >0 > V5(6)
WY >< 11/8 /\ Wy / \
v(7)  — >—° . O > ) > Vs(7)

Please keep in mind that in each stage only ,in-place operations” are required.
This means that no now memory has to be allocated for a new stage!
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Fast Computation of the DFT: The FFT — Part 13

Radix-2 approach (decimation in time) — Part 11

Graphical explanation of the decomposition for M = 8 (with keeping the , orientation” of the input vector):

" > \ 7 " -\/ﬁ o — > V(0)
WY ><

T T S S ; o

v(2) ’ > >

v(3)
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Fast Computation of the DFT: The FFT — Part 14

Radix-2 approach (decimation in time) — Part 12

Graphical explanation of the complexity reduction on the black board ...
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Fast Computation of the DFT: The FFT — Part 15

Radix-2-decimation-in-time FFT algorithms — Part 13

In-place computations

Q The intermediate results Vﬂ(ff)(ul,g) in the [-th stage, [ =0,...,m — 1, are obtained as
¢ 0—1 -
V}\(/I)(/'Ll) = V]\(/I )(Ml) +Why V]\(/I 1)(»“2),
¢ -1 -1
Var (12) = Viy V() = Wi Vi~ (2)

(butterfly computations) where i1, po, p € {0, ..., M —1} vary from stage to stage.
Q Only M storage cells are needed, which first contain the values v(n), then the results form the individual stages and
finally the values Vi, (u) -

= In-place algorithm
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Fast Computation of the DFT: The FFT — Part 16

Radix-2-decimation-in-time FFT algorithms — Part 14

Bit-reversal

Q The v(n)-values are ordered at the input of the decimation-in-time flow graph in permuted order.

QO Example for M = 8, where the indices are written in binary notation:

# flow graph input 000 001 010 011
v(n) v(000) | ©(100) | ©(010) | v(110)

# flow graph input 100 101 110 111
v(n) v(001) | »(101) | ©(011) | w(111)

= Input data is stored in bit-reversed order.

Mirrored at the “center bit” in terms of binary counting!

i
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Fast Computation of the DFT: The FFT — Part 17

Radix-2-decimation-in-time FFT algorithms — Part 15

Bit-reversal

Bit-reversed order is due to the sorting in the even and odd indices in every stage, and thus is also necessary for in-place computation.

Mg 4| iy

e . 4 [U{J(}]

A e

x[100]

A e

> x[010]

A A

> x[110
x [rahy 1] [110]

———1T1') )

L S o]

x|101]

|

¥
=

e — X[OII]

b B

L x[111]

[ v — x, Oppenheim, Schafer, 1999]
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Fast Computation of the DFT: The FFT — Part 18

Radix-2-decimation-in-time FFT algorithms — Part 16

Inverse FFT
The inverse DFT is defined as

that is

o(M—n) = - DFT{Vas(s)}

= With additional scaling and index permutations the IDFT can be calculated with the same FFT algorithm as the DFT.
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Fast Computation of the DFT: The FFT — Part 19

FFT alternatives — Part 1

Alternative decimation-in-time (DIT) structures

Rearranging of the nodes in the signal flow graphs lead to FFTs with almost arbitrary permutation of the input and output sequence.
Reasonable approaches are structures:

(a) without bit-reversal, or

(b) bit-reversal in the frequency domain.

The approach (a) has the disadvantage that it is a non-inplace algorithm, because the butterfly-structure does not continue
past the first stage.

Next slides: the flow graphs for both approaches.
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Fast Computation of the DFT: The FFT — Part 20

FFT alternatives — Part 2
Alternative decimation-in-time (DIT) structures (continued)
(a) Flow graphfor M =8 (M — N,v — z,V — X)

V/ED
NS
wl I’X’X’I‘. %9‘(.
4\

.IIOX(E‘.,,‘ i SN
[N w SO /7
[ Nw/ Sm/

[Oppenheim, Schafer, 1999]
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Fast Computation of the DFT: The FFT — Part 21

FFT alternatives — Part 3
Alternative decimation-in-time (DIT) structures (continued)
(b) Flow graph for M =8 (M — N,v — z,V — X)

o ""@
\VI ’ N4 0 X[2]
. m‘»

) vv’vv
o nn

XS N
Wy ’A\“‘A o ——30 X[3]
3 W

x[7] — X[?]

-1 -1 -1

[Oppenheim, Schafer, 1999]
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Fast Computation of the DFT: The FFT — Part 22

FFT alternatives — Part 4
Decimation-in-frequency algorithms

Instead of applying the decomposition to time domain

— Starting the decomposition in the frequency domain
— The sequence of DFT coefficients Vs (1) is decomposed into smaller sequences.

= Decimation-in-frequency (DIF) FFT.
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Fast Computation of the DFT: The FFT — Part 23

FFT alternatives — Part 5

Decimation-in-frequency algorithms (continued)

Signal flow graph for M =8 (v —» z,V — X)

i
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o X(7)

-1

[Proakis, Manolakis, 1996]
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Fast Computation of the DFT: The FFT — Part 24

FFT alternatives — Part 6
Radix r and mixed-radix FFTs

When we generally use

M = " forr>2, rmeN

we obtain DIF or DIT decompositions with a radix 7.

Besides r =2, =3 and r = 4 are commonly used.

i
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Fast Computation of the DFT: The FFT — Part 25

FFT alternatives — Part 7
Radix r and mixed-radix FFTs (continued)

Radix-4 butterfly (¢ =0,...,M/4—1; M — N):

2
WN

3q
Wy

[Proakis, Manolakis, 1999]
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Fast Computation of the DFT: The FFT — Part 26

Convolution of a finite and an infinite sequence:

We will compare now the direct convolution in the time domain with it‘s DFT/FFT counterpart. For the DFT/FFT realization we will
use the overlap-add technique.

For that purpose we will modify a music signal by means of amplifying the low and the very high frequencies of a music recording.

Realization using
Matlab!

l .
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Fast Computation of the DFT: The FFT — Part 27

DFT and FFT:

Partner work — Please think about the following questions and try to find answers
(first group discussions, afterwards broad discussion in the whole group).

O What does “in-place” means and why is this property important for efficient algorithm?
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Transformation of Real-Valued Sequences — Part 1

If v(n) € R = FFT calculation for v(n) = v..(n) + jv.(n) € C with v,,(n) = 0.

= inefficient due to arithmetic calculation with zero values

In the following: Methods for efficient usage of a complex FFT for real-valued data.

DFT of two real sequences — Part 1
Given: vi(n), vao(n) € Rwithn =0, ..., M —1

Question: How can we efficiently obtain Vi 5/ (1) = DET{vi(n)} and V5 as (1) = DFT{wa(n)} by using the complex DFT?

Define

leading to the DFT

Vair(p) = DET{v(n)} = Viar(p)+j Von(p).
eC eC

i
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Transformation of Real-Valued Sequences — Part 2

DFT of two real sequences — Part 2
How to separate Vs () into Vi ar(p) and Va s (p) ?

Symmetry relations of the DFT:

U(n) — E)re:even (n) + Ure,odd(n) +J [ Uinl,even (n) + Uitn,odd (n):|

- - -
W W

=v1(n) =wz2(n)

with the subscripts even denoting the even part and odd the odd part.

Corresponding DFTs:

Vreoven () = IDFT{Vis re.even(tt) },

Vreoaa(n) = JIDFT{Visimoaa(s)},
FVmeen(m) = GIDFT{ Vs im even (1) s

Vimoaa(n) = IDFT{Visreo0da()}-

i
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Transformation of Real-Valued Sequences — Part 3

DFT of two real sequences — Part 3
Repetition — symmetry scheme of Fourier transform:

U(n) — Uro,ovcn(n) + Uro,odd(n) + jvim,cven(n) + jUim,odd(n)

|

V(ejQ) = ere,even(ejﬂ) + V;'e,odd(ejg) +7 ‘/im,even(ejg) +J Vvim,odd(ejg)-

... hope you remember ....
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Transformation of Real-Valued Sequences — Part 4

DFT of two real sequences — Part 4

Thus, we have

Vim(p) = L [VM,re(N) + Varre (M — u)} + J [VM’,im(H) — Vi im(M — M):l:

2 2
with
1
VM,re,even (N) — 5 {VM,re(ﬂ) =+ VM,re(M - /—L)} 3
1
Varimoad (i) = 3 { M im (1) — Varim (M — u)}

Likewise, we have for Vo ar (1) the relation

. _
Vot () = 5 [Varam(ue) + Varim (M = )] + 2 [Varrell) = Varse (M = )]
with
1
VM im,even () = 2 [VM',im(lJ) + VMt im (M — M)}g
1
VM,re,odd(/A’f) - 5 [Vﬂf,re(ﬂ) - VM,re(M - IJJ)i| .
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Transformation of Real-Valued Sequences — Part 5

DFT of two real sequences — Part 5

Rearranging both relations finally yields

Viam(p) = % [Vm(u) + Vi (M — u)},
Vaarlw) = =3 [Vas () = Vi (M = )],

Due to the hermitean symmetry for real-valued sequences

Vim(p) = Vi (M —p)
only the values for o € {0, ..., M/2} have to be calculated.
The values fory € {M/2+ 1, ..., M — 1} can be derived from the values for x € {0, ..., M/2}.

Application:

Fast convolution of two real-valued sequences with the DFT/FFT!
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Transformation of Real-Valued Sequences — Part 6

DFT of a 2M-point real sequence — Part 1

Given: v(n) e R, n =0, .., 2M -1
Wanted.

Vorm(p) = DFT{v(n)}

I
]
[wd
S
=
=5

withpy = 0, ..., 2M — 1.
Hermitian symmetry since v(n) € R for all n:

Vopr M — ) = Vo (), p=0,...,.M

Define
o(n) = v(2n)+jv2n+1), n=0,..,M-1,

= wvi(n)+ jva(n),

where the even and odd samples of v(n) are written alternatively into the real and imaginary part of o(n).
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Transformation of Real-Valued Sequences — Part 7

DFT of a 2M-point real sequence — Part 2

We have a complex sequence ©(n) consisting of two real-valued sequences v (1) and v2(n) of length M with the DFT

Vair(p') = Vi (W) + 3 Vo ('), p/ =0, .y M —1.

Vim (1) and Va,ar (1) can easily be obtained as

Vim(p') = % {VM(MI) + Var(M — l’L,)i|7
Vot () = =2 [Varu) — Vir(bd — )]

for p/ =0,..., M —1.

In order to calculate Vo (1) from Vi ar (1) and Va s (1) we rearrange the expression for DET{v(n)}.
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Transformation of Real-Valued Sequences — Part 8

DFT of a 2M-point real sequence — Part 3

The rearranging leads to

Varr(p) = D w(2n) Wail' + >~ (20 +1) Woyr ™

Finally we have:

Due to the Hermitian symmetry Vops (1) = Voh,(2M — 1), 1 only needs to be evaluated from 0 to M with V; p (M) = V; 4(0).
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Transformation of Real-Valued Sequences — Part 9

DFT of a 2M-point real sequence — Part 4

Signal flow graph:

N 1/2
Vip) ®
p=M—=p=20
V(M —p)e
1/2

= Computational savings by a factor of two compared to the complex-valued case since for real-valued input sequences
only an M-point DFT is needed.
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Transformation of Real-Valued Sequences — Part 10

DFT of a 2M-point real sequence — Part 5

Partner work — Please think about the following questions and try to find answers
(first group discussions, afterwards broad discussion in the whole group).

0 How many memory elements do you need to store the result of a DFT of order M if the input sequence was real-valued?

l .
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Summary

Q Introduction '
Q Digital processing of continuous-time signals |
Q Efficient FIR structures /

Q DFT and FFT

O DFT and signal processing
Q Fast computation of the DFT: The FFT
Q Transformation of real-valued sequences

Q Spectral and temporal refinement
Q Digital filters
Q Multi-rate digital signal processing
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Spectral Refinement

Basic Idea - Part 1 7
Anti-aliasing
The origin of it ... filtering
Down-
sampling ¢ R

Time-frequency

interpolation I
—1Jc LEM- |
System |
Echo a s Local
cancellation/ v Speaker |
d G“‘ Noiseé
Anti-imaging Up- Further signal Down-  Anti-aliasing
filtering sampling  processing _ sampling filtering

- <}_—_¢R<: 4:@(}:,[,1{(}:
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Spectral Refinement

Basic Idea — Part 2

Steady-state performance (convergence)

Basis setup ¥ ' ' ' ' T '
Microphone power
O Handsfree system with a DFT size 0
of 256
-5
d Hann window and with an overlap of
75 % (downsampling factor = 64) 10 : _
_ Error power at R = 128, without spectral refinement
a Process!ng power was about 30 % 15 (complexity 50 %) -
too high

dB

-20 -
Error power at R = 128, with spectral refinement

(complexity 55 %) -

-30 [~

Error power at R = 64, without
spectral Irefinementl(complexityl 100 %)

-40

-45
2 4 6 8 10 12

Time in seconds
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Spectral Refinement

Basic Idea — Part 3

A standard DFT ...
Time-frequency supporting points

V(e n) A
> e o o o o o o o
L= e o o o o o o o
> e e o o o o o o
v(n) 3
> > S ® o o o o o o o
>
Q
> 5 e o o o o o o o
> e e o o o o o o
> e o o o o o o o
V(el™, n) =
DFT with windowing Time

(overlap-add)
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Spectral Refinement

Basic Idea — Part 4

Refinement of existing supporting points
Time-frequency supporting points

> > e e o o o o o o

" ] e o o o e o o o

——» —— e e o o o o o o
v(n) 3 /_/\\“
> L 5 5 S ® e o o o o o o e o o o
> ~

L » > l_qf e e o e o o o o

e — e e o o o o o o

> > e e o o o o o o

V;"ef(ejﬂ-:n) '
DFT with windowing Time

(overlap-add)
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Spectral Refinement

Basic Idea — Part 5

Short-term power (Hann window, 256-DFT)
T T T \

30~ u
Example ! '

! | Low attenuation between

| < adjacent peak frequencies

Short-term power with spectral refinem
T | T

ent (Hann window, 256-DFT)

High attenuation between
adjacent peak frequencies

T

500

1000

1500

2000

i
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Spectral Refinement

Basic Idea — Part 6

Creation of new temporal points
Time-frequency supporting points

- > © 00 00 0000 00 00 00
—> —> © 00 00 0000 00 00 00
> > © 00 00 0000 00 00 00
o) > S S L:) 00 00 0000 00 00 00 o/_o\‘!l °
)
-}
: AN
SR S e ©o 00 000000 00 00 00
—> —» © 00 00 0000 00 00 00
> L » © 00 00 0000 00 00 00
V;"ef(ejﬂ-:n) '
DFT with windowing Time
(overlap-add)
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Spectral Refinement

Basic Idea — Part 1

Creation of new frequency points
Time-frequency supporting points

-V-ref(ejoa n) A
> N ® o o o o o o o
R e o o o o o o o
e o > ® o o o o o o o
> e e e o o o o o
L » L ® o o o o o o o
v(n) — “c>’ e o o o o o o o ?
> NN N S ® o o o o o o o o o/ o
- > ® o o o e o o o \ . ‘j
3 L 5 2 ® © o o o o o o f .SB
R e e o o o o o o
o > ® o o o o o o o
L e o o o o o o o
5 5 ® o o o o o o o
V;"ef(ej ; n) '
DFT with windowing Time

(overlap-add)
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Spectral Refinement

Basic Idea — Part 7
e . ) Y (e’ 5 (.9
Realization by FIR filters (e ’n)‘ . Yole™ ’”)_
> > 80,0 >
—> 8o : 7, (e, n)
___________________ T >
—>’E_ 811 :
Y(e’g',n) ___________________ y efﬂz’n)
> > 812 >
DFT R
with N T A
. . e e 0 ’ -
M. windowing N . " >
and > g2,3 [
Q R | ~ .
subsampling Y (el 23"1)‘ - Y, (e’Q“,n);
> > 82,4 >
Y (eiQ Nl n) l i,“o (e;szm_l )
> Sn-1, 2N >
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Spectral Refinement

Different way to write a windowed DFT — Part 1

Input vector:
T
v(nR) = {’U(RR), v(nR—1), ..., v(nR — M + 1)} :

DFT (or FFT) of windowed input vector:

M—1
V(e n) = Z v(nR — k) hy e ISP,
k=0

Equidistantly selected frequency supporting points:

2
Q. = Zp with g€ {01, ., M—1}.

i
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Spectral Refinement

Different way to write a windowed DFT — Part 2

A “windowed DFT” in matrix-vector notation:

. . , T
[V(eﬂﬂo,n),V(eﬂﬂl,n), V(eJQM—l,n)} — V(n) = Dy Ho(nR).

DFT matrix:
1 1 1 1 -
€ —J 571 e —j 3 LM ~2) e —j2X1(M—1)
Dy = eI 312 eI 57 2(M-2) e—i3F2AM-1)
|1 e‘JM(M ) .. e iFM-1)(M-2) e—JM(M H(M-1) |
Window matrix:
hy O 0 0 ]
0 h~hy 0 0
H = 0 O 0 0
00 - 0 Ay

i
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Spectral Refinement

Basic Idea of spectral refinement — Part 1

Basic idea of spectral refinement:

- - - Y(E/QO’”) 370(6/!20 n)

V;ef(ejjgo’n) V(n) > ’I 80,0 I —>
Veet(€7*1 . n Vin-1 . . -
re( | ) ) — Vref(n) = Sief ( . ) I o, '3 ¥ e’gl,n)
. . . . : 81 :
Veet(e74 -1, ) Vin—K+1) v (e, n) | )
L i L - > > g >
DFT —
ith | ' 5 (.0
20 | indowing St §9—’Y0 )
and . 3 823 | .
subsampling Y(elgzan) ! | Y, e’Q“,n)‘
> > [ | >
Y(eiQN",n) ‘ | y(’)(e;'!zz,\,,l’n)
> En-on-1 >
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Spectral Refinement

Basic Idea of spectral refinement — Part 2

Basic idea of spectral refinement:

[ Viet(e’,n) ]
V}ef(ejgl 3 TL)
; [ V(n) ]
V;ef(ejQM_l ) n) . Vref(n) Sref V(n - 1)
Vvint(ej:ﬂoa ’I’L) N th (’I’L) N Sint :
Vina (€7, ) Vi -K+1) |

i ‘/int(ejgl\i'fl , n)
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Spectral Refinement

Basic Idea of spectral refinement — Part 3

Reordering (according to frequency) leads to :

[ Viet(e7%0,n) ] [ ‘Eef(ejigo,n)
Vin (e, ) Vine (¢, ) V)]
Viet(¢71, ) Vier(e72, 1) V(n—1)
Vint (€74, n) Ve (39 = S et n
int (€ ., n — th(e ,n) — Vref(n) — P pe
. . int :
———
~ ~ Vin—K+1
Viet(e24 =1 n) Viet(¢?%i-2 ) S | Vin +1) |
: th(ejQMq n) A i ﬁnt(eJQM 1n)
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Spectral Refinement

Basic Idea of spectral refinement — Part 4

The supervector of the DFT spectra can be reformulated:

[ V(n) | [ Dy Hv(nR) | [ Dy oMxM ... oMM T Hv(nR) |
V(n—1) Dy Hv((n—1)R) oMM Dy .. QMM Hv((n—1)R)
| V(in—K+1) | | DyyHo((n— K+1)R) | | oMxM oMxM .. Dy | | Ho((n— K+ 1)R) |

Furthermore, we insert a longer time-domain vector:

v(nR) = ['U(nR)j vinR—1), ., vinR—M+1), ., v(nR—M - (K—-1)R+1 T,
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Spectral Refinement

Basic Idea of spectral refinement — Part 5

That allows as to rewrite the equation system as follows:

[ V(n) ] [ D, oMxM ... oMxM 7T Hv(nR) ]
V(in—1) oMM Dy oo oMM Hov((n—1)R)
| V(in—-K+1) | | oMxM oMM ... Dy | | Hv((n—K+1)R) |
[ DM OMXM OMXM 7 B H OMXR OMXR T
OMXM DM OMXM OMXR H OMXR
= v(nR)
I OMXM OMXM -DM | I O.MfXR OMXR H .
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Spectral Refinement

Basic Idea of spectral refinement — Part 6

Combining everything lead to (for the refined and interpolated spectrum):

DM OMXM OMxM B H OMXR OMXR 7]
N N OﬂJXM D]\/f OMXM OMXR H OMXR
Vref(n) — Sref ] ) ] ) - _ - . T‘j(?'LR)
I OMXM OMXM .. DM | i OMXR OMXR L. H |
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Spectral Refinement

A spectrum with higher resolution — Part 1

Starting again with a longer time-domain vector:

— T
v(nR) = [’U(RR), vinR—1), ., v(nR—M +1), ... v(nR— M + 1] ,

with M >M (e.g M=2M).

And furthermore assuming that

—

M = M+ (K—-1)R = 2M.

A second (high resolution) spectrum can be obtained by

—~

V(n) = D H#(nR).
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Spectral Refinement

A spectrum with higher resolution — Part 2

We will restrict the long window to be a sum of weighted and shifted

Shifted Hann-windows and the resulting window

short windows: : : : ! : : Resulting window
0.6 — — — Hann-window
- Weighted and shifted

(] = .

A hT, hT, cees hT} = h. S 0.4} Hann-windows
ol
£
< —

The weighting matrix is a sparse matrix of the form 0.2}

N
e | =23

0 50 100 150 200 250 300 350 400 450 500
A = {Ao, Al, ceey AK—I] Samples

Short-term spectra

T T T T T T T

The first submatrix has the form 0 ‘ - — —Hann-window |
om = Resulting window
© \

MxM -20 : |
ag I X .qg_) N e
Ay = S Tl
0= K—1)RxM 5 TR —
0( ) X CEI || \ /7 - s !

< - ! u NI -~ N

-60 | ) (\\/ \ / Nt Wi =~
| \ N
-80 L I /\ I I [1’ L lll \Il//\[\ \ ¢

The remaining submatrices are equivalently defined. 0 50 100 150 200 250 300 350 400
Frequency in Hz
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Spectral Refinement

A spectrum with higher resolution — Part 3

Inserting these restrictions for the long window functions leads to:
V(n) = DA’ZH’E(T?,R).

H oMxr .. oMXxR ]
OMXR H OMXR
= DA #(nR)
i OMXR OMXR H .

Comparing this with our refinement approach:

DM OMXAJ OMXM 1T H OMxR OMXR T
N N 0]\/;‘[><M D]\/I OMXM OMXR H OMXR
Vref(n) — Sref ) ] ' ] . _ . - f)(nR)
i OMXM OMXM . DM ] I OMXR OMXR H ]
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Spectral Refinement

A spectrum with higher resolution — Part 4

Setting

o~ o~

V(n) = Vie(n)

leads to
[ DM OMXM OMXM T
N OMXM DM OMXM
Srof ) . . - = DIT/fA
I OMXM Oﬂ-’fXM -DM |
DR/} OMxM OM’xM 7
N OMXR’I D]T/jl OJWXM
Swt = D A
] OMXI\/I OMX]\J DK/} |
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Spectral Refinement

A spectrum with higher resolution — Part 4 The interpolation matrixin dB
Spectral refinement matrix in dB I I > :
Setting
V(n) = Vie(n) &
IeadS tO 0 1 2 3 4 c5| 6 7 8 9 10 11 _132
B Mx M OMXM - eumns o .
Dy 0 T 100 200 300 400 500
OMXM DM OMXM Columns
Shref : : . : = Dy A Can be approximated by a very sparse matrix.
Mx M Mx M
i oM = oM = D, |
D—l OMxM OM’xM 7
M
N OMXIL’I D]T/jl . OJ\JXM
Siet = D3 A
Mx M Mx M -1
i 0 O . M ]
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Spectral Refinement

Rea Iiza tion — Par t 1 o Time-frequency analysis (without spectral refinement) 40 Magnitude spectrum (without spectral refinement)
T T T T T
5000
30 1
. . . 4500
Example for a five tab refinement filter 4000 20} :
N
E 3500 10} 4
? 3000 Q
( ) S 2500 O l
Y (e, n 7, (e’ n £
200 0 ’ ) L 2000 10
(oo ~ 1500
d 80,1 Y, e, n L
S — : (?——VO ( ) 1000 Rl
) —HL 8 ki
Y(e’g‘,n) 777777777777777777 A gfﬂl,n) 500 -30 - T
82 L L . L L
DFT R
) with > iz ] IZ,(e“”,n) . 5 o : 2 :
4 windowing R 3—» —_— Time-frequency analysis (with spectral refinement) 40 'Magmtude sp'ectrum (with Ispectral refln'ement) .
and ) [—_2 IS ~ 0
subsampling v (e, n) 7, (e n) 5000
824 30
4500
3 4000 20r
T 3500
Y (ein Nt n) )70 (eiﬂz,v—l , n) £ 9T
[ & f— 5 3000 "
[= o
g 2500 or
o
o
L= 2000 10
1500
1000 2
500 -30
1 2 3 4 5 6 7 8 9 1000 2000 3000 4000 5000
Time in seconds Frequency in Hz
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Spectral Refinement

Results — Part 1

Pitch estimation — data base 0.01 : _ Histogram of pitch frequencies :
Q Clean speech laryngograph/microphone 0.009 | i
database
0.008 -
0 38 speakers (18 female and 20 male)
0.007 -
O Mixing to different typical automotive >
SNR conditions g 00061 i
% 0.005 -
% 0.004 :
Pitch estimation — error types T
0.003 - n
0 < 3 % absolute difference
. 0.002 .
0 < 10 % absolute difference
0 < 20 % absolute difference 00017 |
050 100 150 200 250 300 350

Pitch frequency in Hz
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Spectral Refinement

Results — Part 2

Pitch estimation — results

acorecnessof | I I N I I,

estimated <3% 62.1% 70.1 % 47.2 %
fundamental standard
frequencies e <10 % 65.1% 70.9 % 48.4 %
without and with <20% 65.5 % 71.4 % 49.3 %
spectral refinement
nd toleran Spectral
anad tolerance refinement up <10% 88.1 % 85.3 % 58.2 %
ranges to 1 kHz
<20% 88.8% 86.2 % 58.7 %
<3% 83.2% 80.1 % 534 %
Spectral
to 3 kHz
<20% 90.6 % 86.3 % 57.5%
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Spectral Refinement

Outlook - Part 1 y(n)
>, 1 >, 1 »|,~ 1 ooo >, 1 {1 »|,—1|-» ooo pf,—1 pf, -1
Polyphase filterbanks in the W o I T o o o o I
lecture “Adaptive Filters” g g g i’ g
9o 9 9> 9r—1 Q@ 9Gu Ini 11 g991M—3 G —29 91—
NS

Y AU ) v
o v @< ooo

§ \ 4
Y o)
@< o000 5

Y

@< ooo I v

+ 000 § SO0
y\‘ 000 <
Jo(n) [9,(n) |9, (n) Y- (R)
Y Y Y Y
M-IDFT
1o 300 ) a0
\/
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Outlook — Part 2
12 Impulse responses Magnitude freq uency responses
Polyphase filterbanks in the 1 ~— Hann window . —— Hann window
lecture “Adaptive Filters” s /\
-20
o |
o / € 40 / \
0.2 / -60 £ ™\
0 \ VY [
-80
-0.2
‘ _— Pr(l)totype Io‘wpass filtt‘er _— Protlotype Iowpalss filter‘

/N )

m
04 / \
0.2 \ 60
0 ARANRNA ANAAN
\/ -80 v VAVAvAvnvAvv’ v v v‘ VVAv"v‘V‘V'"v v
0

0 100 200 300 400 500 600 700 -0.03 -0.02 -0.01 0
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-0.2

.01 0.02 0.03
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Summary

Q Introduction
Q Digital processing of continuous-time signals
Q Efficient FIR structures
Q DFT and FFT
Q DFT and signal processing
Q Fast computation of the DFT: The FFT

Q Transformation of real-valued sequences
Q Spectral refinement

Q Digital filters
Q Multi-rate digital signal processing
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