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Motivation

Modeling of temporal dependencies

O Inthe previous approaches (vector quantization, Gaussian mixture models), only the probability distribution of multi-
dimensional data vectors was analyzed and used. Their temporal progression was assumed to be uncorrelated.

QO If also the temporal progression of the observed data vectors should be analyzed, the previous models can be extended
by a temporal component. This new component will again be derived on a statistical background.

Q In hidden Markov models, two (or three) statistical components are nested.

O While for multivariate amplitude distributions, both discrete and continuous probability distributions can be used, the
temporal modeling will be done discretely.
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Common definitions — Part 1

Hidden part of the model (random process) in the Markov model

O The hidden part of the model is assumed to be a Markov process
So, S1, .., SN—1

with N states. These states are not observable. For the state transitions from one discrete state to another,
probabilities are specified.

O The hidden states govern a second family of random processes, which result in the observable sequence of vectors
X = [(0), 2(1), ..., 2(T — 1)]
O The sequence of hidden states is denoted as
T
q = [4(0), ¢(1), ..., ¢(T = 1)]

where the elements ¢(n) each correspond to one of the hidden states, respectively:

Q<n) S {507 S17 sy SN—l}-
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Common definitions — Part 2

Hidden part of the model (random process) in the Markov model

O Assoon as the model gets into a new state, the model generates an observation vector. Its distribution is only
dependant on the new state g(n), but not on previous ones:

p(w(n)’q(n) =95;,qn—1)=5;, ..., z(0), (1), ..., z(n — 1))

_ p(w(n) ’ g(n) = Sj>. <« Emission probability

In the following, this probability is denoted as b;(x),
p(z()an) = ;) = b (2(n)).

O The state transitions are specified (surprise!) by probabilities. These transition probabilities depend only on the current
transition’s source and target state, but not on previous states.

p(Q(n) = Sjlgln—1) = S;, ¢(n —2) = Sj’)/
:p(Q(”) = Sjlgn—1) = SZ->.

Transition probability
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Common definitions — Part 3

Hidden part of the model (random process) in the Markov model
Q The transition probabilities are abbreviated as follows,
p(a(n) = Sjla(n = 1) = 8i) = ai.
Q Theinitial and final states of a HMM are called
So initial state, and

Sny—1 final state.

Both states are modeled as “non-emitting”.

The direct transition from the initial to the final state is forbidden — no observation would be created in this case.
l.e., for the transition probabilities, the following holds:

a; 0 = 0, aN—1,; = 0, ag,N—1 — 0 (fOI“ 1 E {0, N — 1})

\ ™~ Direct transition from initial to final state

Transitions that leave the final state
Transitions that enter the initial state
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Common definitions — Part 4

Hidden part of the model (random process) in the Markov model

Transition

as1 M probabilities

aii ao9 ass State

o

S, aop1 > S, ai2 > S, a3 > S, a34 > S,
aop2 a3 az4
b1(z) b () bs(x)

\ Emission

probability
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Common definitions — Part 5

Hidden part of the model (random process) in the Markov model

Q The transition probabilities of the model are combined in a transition matrix

0 ao,1 ag,2 .. aog,N—2 0
0 a1 ars ... a1,N—2 a1, N—1
0 a1 ass ... a2, N—2 a2, N—1
A=
0 an—21 an—22 ... aGN-—2N—2 OaN—2N-1
0 0 0 ... 0 0

O The constraints are:
a0 =aN-1,; = AQ,N—1 = 0, for i€ {0, N — ]_},

0<a;; <1, fori,j € {0, N — 1},
N—-1
Z i j = 1, for 1€ {0, N — 2}.

i=0
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Types of hidden Markov models — Part 1

Hidden Markov models of the type “left to right”

Structure of a left-to-right Markov model

Q Initial, final and three emitting states are shown.

Q Transitions from right to left are not possible. A=

i
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SO OO O

ap,1

a1
0
0
0

agp,2
a2
a2 2

0
0

Transition
matrix
ao,3 0 ]
a1,3 0414
a3 424
az3 a34
0 0 |
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Types of hidden Markov models — Part 2

Linear hidden Markov models

Transition
matrix

Structure of a linear hidden Markov model

Q Initial, final, and three emitting states are shown.

Q Only transitions to the state itself and to right 0 ao, 0 0 0
neighbors are possible. Consequently, a sequence of 0 a1 a2 0 0
observations must have at least 3 observations. A=10 0 a22 a3 O

0 0 0 a3 3 as4
0 0 0 0 0 |
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Common definitions — Part 6

Generation of observations by a random process

O In order to generate the observation vectors, another random process is assigned to each state. It can be modeled
either as discrete or as continuous process.

QO If the generation of the observations is modeled as N-2 discrete processes and each process may have K discrete
observation states, then the applied probabilities can again be combined in a matrix

b1,0 b1,1 bi2 ... bir-2 b1, k-1
b2.,0 b2,1 boo ... b2 ba K1
B =
| bn—20 bn—21 bn—22 ... bNn_2K-2 bN_2K_1

Again, the following constraints hold:

bip>0, forief{l,.,N—2} ke{0, .., K—1}
K—

Z bir =1, fori e {1, ..., ,N — 2}.
k=0

—t
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Common definitions — Part 7

Generation of observations by a random process

Q If the generation of observations is modeled as continuous processes using multivariate Gaussian densities (GMMs),
then the applied probabilities can be defined as follows,

bi(x) = Zgz’,k bi k()

= gik N(mmi,ka Ez',k) ’
k=0

assuming that per state K Gaussian distributions are used.

The Gaussian distributions are defined as in the GMM lecture,

N(@lw, 3) = (2m)D/2 ;et{2}1/2 eXp{ B %(“" R G “)}

with & = [.’130, L1y vees .’ED_l:IT.
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Common definitions — Part 8

Generation of observations by a random process

Gaussian mixture model

/ of the first (non-initial) state

Final state

/

Initial state

~

Gaussian mixture model
of the second (non-initial) state

bl (%)
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Trellis diagrams — Part 1

We assume an HMM of this structure.

State x(1)  x(3) z(5) x(7)  z(9)

The initial state always leads

bo(x) Sa to the first (non-initial) state.
bs(x) Ss
b4 (CB) 54

» Time index
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Trellis diagrams — Part 2

State x(l)  (3) z(5)  =(7)  x(9)

+ x(0 x(2) x(4) x(6) x(8)

bl (m) Sl
Based on state 1, only
b g / transitions to the states 1, 2,
2() 2 and 3 are possible.
bg(m) Sg
b4(ac) 54
» Time index
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Trellis diagrams — Part 3

State x(1) x(3) x(5) x(7) x(9)
bl (m) Sl
All possible transitions based
ba(x) S, on the first state are plotted.
b3(m) S3
b4(ac) 54
» Time index
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Motivation

State c(l)  =@3)  «x(6) =) x(9)
r z(0 x(2) x(4) x(6) x(8)
S
All possible transitions based
g on the second state are plotted.
2
S3
Sy
» Time index
0 1 2 3 4 5 § 7 8§ 9
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Trellis diagrams — Part 5

State x(1) x(3) x(5) x(7) x(9)
+ (0 x(2) x(4) x(6) x(8)

bl (m) Sl

All possible transitions based

ba () S, on the third state are plotted.
b3(m) S3
bs(x) Sy

» Time index
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Trellis diagrams — Part 6

State (1)  x3) z(B) =(7) (9
+ x(0 x(2) x(4) x(6) x(8)
bl (m) Sl
All possible transitions from
b g time index 2 to time index 3
2() 2 are plotted.
bg(m) Sg
b4(ac) 54
» Time index
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Trellis diagrams — Part 7

State c(l)  =@3)  «x(6) =) x(9)
+ z(0) x(2) x(4) x(6) x(8)

b1(z) S1
Now, all possible
transitions of an
observation sequence of

ba () So length 10 are plotted.

b3 () S3

b4 (CB) 54

» Time index
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Trellis diagrams — Part 8

Meaning of edges and nodes

Q The transition probabilities are usually denoted at the edges.

Christian-Albrechts-Universitit zu Kiel

O The emission probability, that the observed vector x(n)is produced by the corresponding state, is denoted at the nodes.

3 4
S1
b1 (z(3)) o
OCLL,O 5'2
bz (2(3)) o ((4))
S3
bs(x(3))

i
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Essential problems of hidden Markov models

Evaluation problem

QO The probability p(X|A) that the hidden Markov model A creates the (given) observation sequence X is to be calculated.

O In order to calculate this probability, all possible observation sequences Q have to be taken into account. The direct
calculation (summing over all possible observation sequences) would thus be very time consuming.

Decoding problem
O Besides the probability calculated above, also the state sequence
d = [So, 4o, G1, -y GT—1, Sn—1]"

that creates the observation sequence X with the highest probability, is of interest.

Estimation problem

O Based on a huge data base, all parameters of the hidden Markov model are to be estimated.

1 .
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Evaluation problem —Part 1

Evaluation problem

0 The probability p(X|\) that the hidden Markov model X\ creates the (given) observation sequence X is to be found.

O The wanted probability can be calculated by summing up the conditional production probabilities of all possible
observation sequences,

p(X|A) = Z p(X, q;|N).
q,€Q

O This can be written as follows,

p(XIA) = Z p(Xlg;, A) p(g;|A).
q,cQ

O Inthe following we will try to calculate the two conditional probabilities separately.

1 .
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Evaluation problem — Part 2

Evaluation problem

QO In afirst step, the production probability is being calculated, that results from the assumption that the state sequence g,

is known. We use that the probability of an observation x(n) only depends on the actual state of the HMM — but not of
previous or subsequent states:

p(Xlg;, ) = |] p(z(n)|a(n), )

O The probability that the sequence gq; has been selected, can be evaluated as follows:

p(a;lN) = p(Soq(0)@(1)...q:i(T — 1) Sn_1|A)

@0,q;(0) @q;(0),qs(1) -+ Pqi(T—2),q:(T—1) Aq;(T—1),Sn—1

1 .
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Evaluation problem — Part 3

Evaluation problem

O The production probability results in

PXIN) = Y ag,40) Do (0)(®(0)) g, (0,001 - baur—1)(@(T — 1)) ag,(7—1),N-1-
q,cQ

O The problem when directly calculating the production probability is the fact that per time index, there are N-2 possible states.
As a result, for the overall sequence, (N-2)" possible paths exist, so the number of summands is no longer manageable.

O As aremedy, the so-called forward algorithm is used. For this purpose the so-called forward probability is defined in a first
step,

fi(n) = p(X™, g(n) = Si|\).

\ This is the probability that at time index n, the state S; is active and the
“shortened” observation sequence X\") could be observed up to now.

1 .
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Evaluation problem — Part 4

Evaluation problem

O The upper indices specify the shortened versions of the observation matrix and of the state sequence, respectively:
XM = [x(0), 2(1), ..., 2(n)],
0" = [6(0), (1), .., ui(n)]".

O The forward probability can be determined by summing up all possible shortened observation sequences and being at
state S; at time index n,

filn) = p(X™,q(n) = Si|\)

= Y p(x™. 4.
qj") with ¢;(n)=5;

1 .
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Evaluation problem
Illustration of the
State forward probabilities
A

W,

bl

i

By i

U () ) vl’«
LU ) R
’ \/ VI‘\V VI‘\V \ ;] l‘\V

\ A

i

0 n—1n T-—1

1 .
'*M Digital Signal Processing and System Theory | Pattern Recognition | Hidden Markov Models (HMMs) Slide 28



Hidden Markov Models (HMMs)

Christian-Albrechts-Universitit zu Kiel

Evaluation problem — Part 6

Evaluation problem

O Because of the independence of the previous states, the forward probabilities can be calculated recursively as follows,
N-—2
fitn) = | Y fi(n—1)a;;| bi(z(n)).
j=1
O The initialization is done as follows,

O Hereby, the production probability of the observed sequence can be determined by summation of the previous forward

probabilities,
N—2
p(XIN) =Y fi(T—1)ajn-1.
j=1

O Note that the computational complexity now just grows linearly with the sequence length (instead of growing
exponentially using direct calculation).

1 .
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Decoding problem —Part 1

Decoding problem

O Besides the probability that the hidden Markov model A created the observation vector sequence X, some
applications require the most probable state sequence. The latter can be defined as follows,

G = argmax {p(qj\X, A)}-
q;

O The conditional probability mentioned above can be permuted,

0O Because p(X|\) only depends on the (given) observation sequence, also

G = argmax {p(qj, XIA)}-
q;
can be optimized instead. By this permutation of the cost function, similar quantities as in the previous problem can be
considered.

1 .
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Decoding problem — Part 2

Decoding problem

O The most probable state sequence can be calculated efficiently using the so-called Viterbi algorithm. In analogy to the
explanation of the evaluation problem, the joint probability for the shortened observation vector sequence and the
optimal shortened state sequence is defined,

)= max  {p(xX™, gV}
qf?.n’) with g;(n)=S5;

O The calculation of the probability can again be computed in a recursive way,

vi(n) = max {vj(n - 1) aj,i} bi(z(n)).

j=1..N—2

O For each time index and each state, the index of the state that induced the maximum probability has to be stored, so
the optimal path can be tracked later on.

t;(n) = argmax {vj(n - 1) aj,i}.
j=1...N—2

1 .
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Decoding problem — Part 3

Summary of the Viterbi algorithm

O Initialization

(% (O) = Qo bl (:13(0)) .
O Recursion (lteration)
vi(n) = j:{nax {UJ n—1)aj 7»} bi ( )’
t;(n) = argmax {vj(n—1)a;,}.
j=1...N—2

O Termination

on_1(T) = _max. {vj —1)ajn— 1}
tn—1(T) = argmax {v;(T —1)a;nN_1}.
j=1..N—2

O Backtracking of the optimal state sequence

A tN—l(T)v ifn=T,
q(n)
tg(nt1) (n + 1), else.

1 .
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Decoding problem — Part 4

State
A
Sh O @) @) O O
S O @) @) @) @)
Initialization
Ss O @) O O O
Sa O O O O O
» Time index
0 1 2 3 4 5)
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Decoding problem — Part 5

State
A
St O O O O O
Sa O @) O O O
Recursion for the
first (non-initial)
tat
Sy o o o o O S RE
Sy O O O O O
» Time index
0 1 2 3 4 5)
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Decoding problem — Part 6

State
A
Sh O @) O O
Sa O @) O O O
Recursion for the
first (non-initial)
tat
Sy o o o o O S RE
S4 O O O O O
» Time index
0 1 2 3 4 5)
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Decoding problem — Part 7

State
A
S1 @) O O O
S O @) O O O
Recursion for the
second state
S3 O O O O O
S4 O O O O O
» Time index
0 1 2 3 4 5)
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Decoding problem — Part 8

State
A
St O O O O
So @) O O O
Recursion for the
second state
S3 O O O O O
S4 O O O O O
» Time index
0 1 2 3 4 5!
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Decoding problem —Part 9

State
A
S1 @) O O O
S @) O O O
Recursion for the
third state
S3 O O O O
S4 O O O O
» Time index
0 1 2 3 4 5)
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Decoding problem — Part 10

State
A
S1 @) O O O
S @) O O O
Recursion for the
third state
S3 O O O O
S4 O O O O O
» Time index
0 1 2 3 4 5)
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Decoding problem — Part 11

State
A

S ® ® O O

S /O O @) @) O

Recursion for the
/ fourth state
S ——0 O O O O
S4 O O O O O
» Time index
0 1 2 3 4 5)

1 .
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Decoding problem — Part 12

State
A
S1 @) @) @ O
S2 O @ O O
Recursion for the
fourth state
S3 O @ O O
Sy O @) O O O
» Time index
0 1 2 3 4 5
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Decoding problem — Part 13

State
A
S1 O O O Q @ O
So O O O O
Complete
recursion
S3 ® O ®
Sa O Oo——0 —0 O
» Time index
0 1 2 3 4 5)
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Decoding problem — Part 14

State
A
S1 O O O Q @ O
So O O O O
Termination
S3 ® O ®
Sa O *—9 P O\‘
» Time index
0 1 2 3 4 5)
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Decoding problem — Part 15

State
A
S1 O Q O ® @ O
S2 O O O ®
Backtracking
of the optimal
state sequence
S5 | (Glo—o D)oo G o—o D o—oQ o
Sufod o——0 00 @\
» Time index
0 1 2 3 4 5
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Generating feature vectors using a hidden Markov model — Part 1

Basics

Gaussian mixture model

@ / of the first state

ais

Transition

probabilities ~
aop1

Initial state / Final state
~
Gaussian mixture model
of the second state
ap2
.. az3
Emission
robabilities ™\
P by () bo ()
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Generating feature vectors using a hidden Markov model — Part 2

Initial state

Initial state

~

So-far [
observation sequence — L=

1 .
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Generating feature vectors using a hidden Markov model — Part 3

Determining the first transition

Transition
probabilities
~ a0

Initial state

~

1 .
'*M" Digital Signal Processing and System Theory | Pattern Recognition | Hidden Markov Models (HMMs) Slide 47



Hidden Markov Models (HMMs)

Christian-Albrechts-Universitit zu Kiel

Generating feature vectors using a hidden Markov model — Part 4

Generating the first observation vector

Gaussian mixture model

. / of the first state

Emission
probabilities ~ by (w)

So-far
x(0). ...
observation sequence /)[ (0)
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Generating feature vectors using a hidden Markov model — Part 5

Determining the second transition

Gaussian mixture model
of the first state

Transition
probabilities

1 .
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Generating feature vectors using a hidden Markov model — Part 6

Generation of the second observation vector

Gaussian mixture model
of the second state

Emission

ba(x) / probabilities

So-far s [2(0), ®(1), ..
observatlon sequence
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Generating feature vectors using a hidden Markov model — Part 7

Determining the third transition

Transition
probabilities

Gaussian mixture model
of the second state
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Generating feature vectors using a hidden Markov model — Part 8

Generation of the third observation vector

Gaussian mixture model
of the second state

Emission

ba(x) / probabilities

So-far 0 . 5
observation sequence _/) [:B( )’ :B( )7 CB( )7
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Generating feature vectors using a hidden Markov model — Part 9

Determining the fourth transition

Transition
probabilities

Gaussian mixture model
of the second state
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Generating feature vectors using a hidden Markov model — Part 10

Final state

Final state

Overall
observation sequence —— 7 X = [2(0), z(1), z(2)]
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The three problems with hidden Markov models — Part 1

O After the model topology has been defined, the model parameters are to be estimated.

ail First model state
Main subject of the

Transition ai13 next slides

probabilities ~ ag

1

Final state
Initial state ~a

Second model state

Emission

probabilities ~
bl ($ )
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The three problems with hidden Markov models — Part 2

O After the model topology has been defined, the model parameters are to be estimated.

O The probability that a model generates an observed feature sequence has to be calculated in an efficient way.

Model 1 Model 2

Subject of the
previous slides

i
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The three problems with hidden Markov models — Part 3

O After the model topology has been defined, the model parameters are to be estimated.

O The probability that a model generates an observed feature sequence has to be
calculated in an efficient way.

O The state sequence that generates the observed feature sequence with highest
probability has to calculated efficiently.

g = argmax {p(qj, X|/\)}
q .
Also subject of the Overall J

previous slides! observation sequence ————— X = [2(0), z(1), (2)]

1 .
'*M" Digital Signal Processing and System Theory | Pattern Recognition | Hidden Markov Models (HMMs) Slide 57



Hidden Markov Models (HMMs)

Christian-Albrechts-Universitit zu Kiel

Lecture Evaluation

O Please help to improve the lecture by

filling out our survey ... m Digital Signal Processing .
- and System Theory

Current Evaluation of the Lecture "Pattern Recognition”

Pattern Recognition

Fragen zur Vorlesung / Questions regarding the lecture

Page:10f3

» Wie oft haben Sie die Vorlesung besucht? / How often did you visit the lecture?

haufiger als 75% / more than 75%
50% - 75%
seltener als 50% / less than 50%

» Der Aufbau der Veranstaltung erscheint logisch/ nachvollziehbar gegliedert. / The lectures structure seems logical and reasonable.

trifft vllig zu / applies entirely

1 .
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Solving the estimation problem — Part 1

Estimation problem

O For one or more given observation sequences X the parameters (transition and emission probabilities) are to be found
in such a way, that

p(X|\) — max.

O To do so, we assume that an initial HMM is already existing. This model is optimized iteratively, until a certain
optimization criterion is fulfilled or a maximum number of iterations was computed.

O The iteration methods known so far only are able to find local maxima.

O The most common method is based on a maximum likelihood estimation and is called Baum-Welch or forward-
backward algorithm.

1 .
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Solving the estimation problem — Part 2

Backward probability

Q Inanalogy to the forward probability (see previous slides)
filn) = p(X(n)a q(n) = Si|A)
we now introduce the backward probability
ri(n) = p(X(nt1), ad(n) = Si|A)

The partial observation sequence X,y describes all observations from the nth time index up to the end of the
sequence,

Xy = [®2(n), z(n+1), ..., (T —1)].

O The backward probability, similar to the forward probability, can be calculated recursively,
-2

ri(n) = Z

j=1

ri(n+1)b; (zc(n + 1)) @ij-

O The initialization is done as follows,
’I“Z(T) = Qi N-

1 .
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Solving the estimation problem — Part 3

State 4
S1

Forward and backward probability
(n—1)
n—1)

f1 1 (

‘ ‘ a1k VN SR
\'lg 22 B ram b g+ I)
\’) \’). ;;222 bo (z(n)) azs bo(...) /

fg(n—l) o rg(m—i—l)

53 asa\ bs(...)
fa(n—1) ray(m+1)
S ba(...)
Tim(; d
N—2 N—2
filn) = Z filn=1)a;; bi(x(n))  ri(m)= Z rj(m+1)b;(x(m+1)) a;;
J=1 71=1

1 .
'*M Digital Signal Processing and System Theory | Pattern Recognition | Hidden Markov Models (HMMs) Slide 61



Hidden Markov Models (HMMs)

Christian-Albrechts-Universitit zu Kiel

Solving the estimation problem — Part 4

Probability distribution over states

O Using the forward and backward probabilities, we can calculate the probability that the state S, is active at time index n,

p(X,/\)

vi(n) = plg(n) =Si|X,\) =

p(a(n) = Si, X|N) pg(n) = i, X (nin)|A)
p(XIA)

fi(n) ri(n)
p(XIA)

O The “normalization” can be calculated either using the forward or the backward probability,
N—2

X|>\ Z fj - 1 CLJ N—1 = Z T‘j(O) bj (:13(0)) aop, ;-

j=1

1 .
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Solving the estimation problem — Part 5

Probability distribution over states

State 4 The state S;is active at time index n
S1
p(q(n) =S, X\)\)
S, o 0 o o = fin) rilm)
{ \ / \ l
. .A A A
i
Sy
Tir;e index

1 .
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Solving the estimation problem — Part 6

Transition probabilities

O Using the forward and backward probability, we can also easily calculate the probability that the state of the hidden
Markov model changes from state S, to state S, at time index n,

&i(n) = plgn) =S, q(n+1)=5;X,N)
~ pla(n) =S, q(n+1) =S;, X|A)
B p(X, A
_ fi(n) a;j bj(x(n+1))rj(n+1)
p(X,A)

1 .
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Solving the estimation problem — Part 7

Transition probabilities

1 .
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Solving the estimation problem — Part 8

Estimation of the Markov transition probabilities

O For the next iteration, the following transition probabilities are used,

TZI () < Expected aver.a.ge number
= Y o of state transitions from
igj = 7 o bJ € {17 N — 2}7 state S, to state S;
> 7i(n)
B 0 Expected average number of
@o,j = 73( )’ state transitions that start in
(T —1 _ state S;
> yi(n)
n=0

O Additionally, the parameters mentioned above are to be calculated based on multiple observation sequences X and

averaged before being used in the next step.

i
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Solving the estimation problem —Part 9

Emission probabilities

O In order to determine the individual parameters of
the Gaussian densities, in a first step a partition of
the states with multiple Gaussians into multiple
states with just one Gaussian is performed.

v

1 .
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Solving the estimation problem — Part 10

Emission probabilities
O In analogy to the first approach, individual transition probabilities can be calculated for this extended model,

Cijk(n) = plg(n) =8Si, qn+1) = Sj,x(n+1) — N X, A)

\

Probability that a transition from state S, into state S; was performed at
time index n while the k-th Gaussian of the state S; was creating the
observation vector.

O These can again be expressed by forward and backward probabilities,

fi(n) aij g b (x(n + 1)) rj(n + 1) |

Gi k(1) (XY

1 .
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Solving the estimation problem —Part 11

Emission probabilities

O Summing all transition probabilities over the outgoing states results in the probability that the k-th Gaussian of the j-th state
generated the observed vector at time index n,

N-—1
Gr(m) = D Gijkln)
1=1

121 fi(n) aij gji bk (x(n+ 1)) rj(n + 1)

p(X[N)

O Now, analogously to the “main transition probabilities”, also the GMM parameters can be determined by iteration.

1 .
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Solving the estimation problem —Part 12

Adaption of the GMM parameters

O The emission probability was defined as follows,

b; (az(n)) = Z_ gjk:N(w(n)ij:» Eﬂf)'
k=0

O The adaptation of the weights is done as follows,
Average number of transitions from the

gjk =

T—1 ’
nZ—:O BE (n) D Average number of state transitions
that start in state S;

O The adaption of the averages vectors is done as follows,

5 Gulwyat)

Kjr = T—1
;0 Gix(n)

i
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Solving the estimation problem — Part 13

Adaption of the GMM parameters

O The adaptation of the covariance matrices is performed as follows,

5 ) [w(n) — ] [e(n) — psp]”
S = =

S Guln)
n=0

1 .
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Solving the estimation problem — Part 14

Viterbi training

O The method to estimate the model parameters that was described above is called Baum-Welch algorithm.
It is a special case of the EM algorithm that was described in the GMM lecture.

O Alternatively, the so-called Viterbi training can be applied. To do so, in a first step the state sequence

4 = argmax {p(qj, X IA)}

q;

with the highest probability is computed.

O Thenitis assumed that this path was taken with “certain” probability, i.e., it holds

viln) = { 0, else.
. — 1, if g(n) =S; and ¢(n+1) =S5
i (n) = { 0, else.
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Solving the estimation problem — Part 15

Viterbi training

O For the internal transitions, the following consequently holds,

1, if g(n)=25; and g(n+1)=5;
and according to a Viterbi search the internal state k
Gigk(n) = was selected,
0, else.

O The subsequent iterations to optimize the model parameters are performed as described at the Baum-Welch algorithm.

O Similar to the Baum-Welch algorithm, the iterations are performed until the probability that the model generates the
observation sequence is no longer increasing significantly or the maximum number of iterations is reached.
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Solving the estimation problem — Part 16

Initializing a hidden Markov model

a

In a first step, the number of states and their topology is defined (forbidden transitions are marked, i.e. their probability
is set to zero).

Per state, just one Gaussian distribution is used.

While the training is running, the number of Gaussian distributions is gradually increased. For example, the Gaussian
distributions are doubled and initialized as follows,

g — g=2g="1
2’ 2’

p— po=p+0.2y/diag{3}, p,=p—0.2y/diag{X},

Y — 2022,2122.

This is repeated until the probability that the model generates the training sequences is no longer increased significantly
or a maximum number of parameters is reached.

1 .
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Summary and Outlook

Summary:

O Motivation
O Basics
d The ,hidden” part of the model
a The ,inner” random processes
O Basic problems of Hidden Markov Models
O Efficient computation of the probabilities of state sequences
O Efficient computation of the most probable sequence
O Computation (estimation) of the parameters of the model

Next part:

a Explainable artificial intelligence
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