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Motivation

Modeling of temporal dependencies

¢ In the previous approaches (vector quantization, Gaussian mixture models), only the probability distribution-of multi
dimensional data vectors was analyzed and used. Taiporal progressionwas assumed to bencorrelated

¢ If also the temporal progression of the observed data vectors should be analyzed, the previous models can be extended
by a temporal component. This new component will again be derivedstatiatical background

¢ In hidden Markov modelgyo (or three) statistical components are nested

¢ While for multivariate amplitude distributions, both discrete and continuous probability distributions can be used, the
temporal modelingwill be donediscretely.
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Common definitiong, Part 1

Hidden part of the model (random process) in the Markov model

¢ The hidden part of the model is assumed to be a Markov process
So, S1, ..., SN_1

with N states These states aneot observable For thestate transitionsfrom one discrete state to another,
probabilitiesare specified.

¢ The hidden states govern a second family of random processes, which resulbinstiveable sequence of vectors
X = [m<0)7 $<1)7 XX m(T o 1)] .

¢ The sequence of hidden states is denoted as
q = [a(0), q(1), ..., (T - 1)]"

where the elementsg(n)  each correspond to one of the hidden states, respectively:
Q<n) S {507 S17 e SN—l}-
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Common definitiong, Part 2

Hidden part of the model (random process) in the Markov model

¢ As soon as the model gets into a new state, the model generatebsarvation vector Its distribution is only
dependant on the new stat«(n), but not on previous ones:

p(w(n)’q(n) =95;,qn—1)=5;, ..., z(0), (1), ..., z(n — 1))

_ p(w(n)]q(n) _ Sj>. P Emission probability

In the following, this probability is denoted &, (x) ,
p(z()a(n) = ;) = b (2(n).

¢ Thestate transitionsare specified (surprise!) by probabilities. These transition probabilities depend only on the current
OGN}y YyaAlGA2YyQa &a2dz2NOS yR GFNBSG adGlradSz o6dzi y2G 2y LINBJA?2

p(Q(n) = Sjlgln—1) = S;, ¢(n —2) = Sj’)/
:p(Q(”) = Sjlgn—1) = SZ->.

Transition probability

1 .
'*M Digital Signal Processing and System Theory | Pattern Recognition | Hidden Markov Models (HMMs) Slide6



Hidden Markov Models (HMMSs)

Christian-Albrechts-Universitit zu Kiel

Common definitiong, Part 3

Hidden part of the model (random process) in the Markov model
¢ Thetransition probabilitiesare abbreviated as follows,
p(Q(n) = Sjlq(n—1) = 5¢) = Q5.
¢ Theinitial and final statesof a HMM are called
So initial state, and

Sny—1 final state.

20K adl Gd§Sa roNgitivgg @St SR | & @
The direct transition from the initial to the final state is forbiddeqino observation would be created in this case.
l.e., for the transition probabilities, the following holds:

a; 0 = 0, aN—1,; = 0, ag,N—1 — 0 (fOI“ 1 E {0, N — 1})

\ AN Direct transition from initial to final state
Transitions that leave the final state

Transitions that enter the initial state
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Common definitiong, Part 4

Hidden part of the model (random process) in the Markov model

Transition

as1 M probabilities

ai1 a22 ass State

o

S, aor ) A/ms% ass Ss asq S,
aon2 ais a24
) ba() bs(x)

S
b (
\ Emission

probability
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Common definitiong Part 5

Hidden part of the model (random process) in the Markov model

¢ Thetransition probabilitiesof the model are combined intaansition matrix

0 ao,1 ag,2 .. aog,N—2 0
0 a1 ars ... a1,N—2 a1, N—1
0 a1 ass ... a2, N—2 a2, N—1
A=
0 an—21 an—22 ... aGN-—2N—2 OaN—2N-1
0 0 0 ... 0 0

C The constraints are:
a0 =aN-1,; = AQ,N—1 = 0, for i€ {0, N — ]_},

0<a;; <1, fori,j € {0, N — 1},
N—-1
Z i j = 1, for 1€ {0, N — 2}.

i=0
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Types of hidden Markov modeisPart 1

| ARRSY al NJ2@ Y2RSta 2F 0KS (el aft ST 2 N&A

Transition
matrix

Structure of a lefito-right Markov model )
ap,1 ao2 aop3 O

ai1 a2 a1,3 4aig
22 A23 0G24

¢ Initial, final and three emitting states are shown.

¢ Transitions from right to left are not possible.

AN

I
coocoo

o
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Types of hidden Markov modeisPart 2

Linear hidden Markov models

Transition
matrix
Structure of a linear hidden Markov model
¢ Initial, final, and three emitting states are shown.
¢ Only transitions to the state itself and to right 0 apn O 0 0
neighbors are possible. Consequently, a sequence of 0 a1 a2 O 0
observations must have at least 3 observations. A=10 0 a22 a3 O
0 0 0 a3 3 as4
| 0 0 0 0 0 |
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Common definitiong, Part 6

Generation of observations by a random process
C In order to generate th@bservation vectorsanother random process is assigned to each state. It can be modeled
either asdiscreteor ascontinuousprocess.

¢ If the generation of the observations is modeled\&2 discrete processeand each process may hakeliscrete
observation states, then the applied probabilities can again be combinedatrax

b1,0 b1,1 bi2 ... bir-2 b1, k-1
b2.,0 b2,1 boo ... b2 ba K1
B =
| bn—20 bn—21 bn—22 ... bNn_2K-2 bN_2K_1

Again, the following constraints hold:

bip>0, forief{l,.,N—2} ke{0, .., K—1}
K—

—t

bir =1, fori e {1, ..., ,N — 2}.

)

k=0
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Common definitiong, Part 7

Generation of observations by a random process

c If the generation of observations is modeledcasitinuous processeassingmultivariate Gaussian densitie@lGMMS),
then the applied probabilities can be defined as follows,

bi(x) = Z_gz',k: bi k()

= Zgsz m“l'zka zk);
k=0
assuming that per statk Gaussian distributions are used.

The Gaussian distributions are defined as in the GMM lecture,

N(@lw, 3) = (2m)D/2 ;et{2}1/2 eXp{ B %(“" R G “)}

Wlth L = [3307 L1y veey ajD—l:IT
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Common definitiong, Part 8

Generation of observations by a random process

Gaussian mixture model

/ of the first (noninitial) state

Initial state Final state

~

/

Gaussian mixture model
of the second (nofnitial) state
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Trellis diagramsg Part 1

We assume an HMM of this structure.

State x(1)  x(3) z(5) x(7)  z(9)

Theinitial state always leads

bo(x) So to-the first-(norrinitial)-state.
bs(x) Ss
b4(ac) 54

» Time index
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Trellis diagrams Part 2

/ Based on state 1, only
transitions to the states 1, 2,

and 3 are possible.

» Time index
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Trellis diagramsg Part 3

All possible transitions based
on the first state are plotted.

» Time index

1 :
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Motivation

All possible transitions based
on the second state: are plotted.

» Time index
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Trellis diagramsg Part 5

All possible transitions based
on the third state are plotted.

» Time index

1 :
'*M Digital Signal Processing and System Theory | Pattern Recognition | Hidden Markov Models (HMMs) Slide19



Hidden Markov Models (HMMSs)

Christian-Albrechts-Universitit zu Kiel

Trellis diagramsg Part 6

All possible transitions from
time index 2 to time:index 3
are plotted.

» Time index
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Trellis diagrams Part 7

Now, all possible
transitions of an
observation sequence of
length 10 are plotted.

» Time index
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Trellis diagramsg Part 8

Meaning of edges and nodes

¢ Thetransition probabilitiesare usually denoted at thedges

¢ Theemission probability that the observed vectcz(n) is produced by the corresponding state, is denotednatdihe

3 4
S1
b1 (z(3)) o
OCLL,O 5'2
bz (2(3)) o ((4))
S3
bs(x(3))
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Essential problems of hidden Markov models

Evaluation problem

¢ The probabilityp(X|A)  that the hidden Markov mcilel creates the (given) observation s¢ X enttebe calculated.

¢ In order to calculate this probability, all possible observation sequeQ:es have to be taken into account. The direct
calculation (summing over all possible observation sequences) would thus be very time consuming.

Decoding problem
C Besides the probability calculated above, also the state sequence

G = [So, Go, G1, - Gr-1, Sn-1]"
that creates the observation sequenXx’ with the highest probabiliy,ingerest.

Estimation problem

¢ Based on a huge data base, all parameters of the hidden Markov model are to be estimated.

1 :
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Evaluation probleng Part 1

Evaluation problem

C The probabilityp(X|A)  that the hidden Markov mc)lel creates the (given) observation seX jenttebe found.

¢ The wanted probability can be calculated by summing up the conditional production probabilities of all possible
observation sequences,

p(X|A) = Z p(X, q;|N).
q,€Q

C This can be written as follows,

p(XIA) = Z p(Xlg;, A) p(g;|A).
q,cQ

¢ In the following we will try to calculate the two conditional probabilities separately.

1 :
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Evaluation probleng Part 2

Evaluation problem

¢ In a first step, the production probability is being calculated, that results from the assumption that the state se.lence

is known. We use that the probability of an observatx(n) only depends on the actual state of thelddiidt of
previous or subsequent states:

p(Xlg;, ) = |] p(z(n)|a(n), )

¢ The probability that the sequencg; has been selected, can be evaluated as follows:

p(a;lN) = p(Soq(0)@(1)...q:i(T — 1) Sn_1|A)

@0,q;(0) @q;(0),qs(1) -+ Pqi(T—2),q:(T—1) Aq;(T—1),Sn—1

1 :
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Evaluation probleng Part 3

Evaluation problem

¢ The production probability results in

PXIN) = Y ag,40) Do (0)(®(0)) g, (0,001 - baur—1)(@(T — 1)) ag,(7—1),N-1-
q,cQ

¢ The problem when directly calculating the production probability is the fact that per time index, theNZmossible states.
As a result, for the overall sequencBi-Z)" possible paths exist, so the number of summandwisonger manageable

¢ As aremedy, the soalledforward algorithm is used. For this purpose the-salledforward probability is defined in a first
step,

fi(n) = p(X™, g(n) = Si|\).

\ This is the probability that at time index n, the statei$ active and the
GAK2NISYSRE 20 a9 nudd be bdefvedup tp daw.y O S

1 :
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Evaluation probleng Part 4

Evaluation problem

¢ The upper indices specify tlsortened versions of the observation matrand of the state sequence, respectively:
XM = [x(0), 2(1), ..., 2(n)],
gV = [@(0), &(1), ..., a:(n)".

¢ The forward probability can be determined by summing up all possible shortened observation sequences and being at
state § at time indexn,

filn) = p(X™, q(n) = Si|A)
- X <X(n,q<”)|>\>

quL) with g;(n)=

1 :
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Evaluation problem
lllustration of the
State forward probabilities

0 n—1 n T—1
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Evaluation probleng Part 6

Evaluation problem

¢ Because of the independence of the previous states, the forward probabilities can be calculated recursively as follows,

N-—-2
fi(n) = [Z filn—=1) %i] bi(z(n)).
j=1
¢ The initialization is done as follows,
C Hereby, the production probability of the observed sequence can be determinedrbynation of the previous forward

probabilities,

N-2

p(X|>\> = fj(T - 1) aj N—1-
j=1

¢ Note that thecomputational complexity now just grows linearly with the sequence lendiiistead of growing
exponentially using direct calculation).
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Decoding probleng Part 1

Decoding problem

C Besides the probability that the hidden Markov moel  created the observation vector seqX:nce , some
applications requireghe most probable state sequencdhe latter can be defined as follows,

J = argmax {p(qj\X, )\)}
q;
¢ The conditional probability mentioned above can be permuted,

¢ Becausep(X|\) only depends on the (given) observation sequence, also

G = argmax {p(qj, XIA)}-
q;

can be optimized instead. By this permutation of the cost function, similar quantities as in the previous problem can be
considered.

1 :
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Decoding probleng Part 2

Decoding problem

¢ The most probable state sequence can be calculated efficiently using 4tedledViterbi algorithm. In analogy to the
explanation of the evaluation problem, the joint probability for the shortened observation vector sequence and the
optimal shortened state sequence is defined,

vn)=  max  {p(X",q"N)}.

qé_n) with g;(n)=S5;

¢ The calculation of therobability can again be computed inracursiveway,

vi(n) = max {vj(n - 1) aj,i} bi(z(n)).

j=1..N—2

¢ For each time index and each statiee index of the state that induced the maximum probability has to be stored
the optimal path can be tracked later on.

t;(n) = argmax {vj(n - 1) aj,i}.
j=1...N—2
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Decoding probleng Part 3

Summary of theViterbi algorithm

c Initialization

(% (O) = Qo bl (:13(0)) .
C Recursion (Iteration)
vi(n) = j:{nax {viln =1)aj} bi(z(n)),
t;(n) = argmax {vj(n—1)a;,}.
j=1...N—2

¢ Termination

on_1(T) = _max. {vj —1)ajn— 1}
tn—1(T) = argmax {v;(T —1)a;nN_1}.
j=1..N—2

¢ Backtracking of the optimal state sequence

A tN—l(T)v ifn=T,
q(n)
tg(nt1) (n + 1), else.
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Decoding probleng Part 4

State
A
Sh O @) @) O O
S O @) @) @) @)
Initialization
Ss O @) O O O
Sa O O O O O
» Time index
0 1 2 3 4 5)
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Decoding probleng Part 5

State
A

S O @) O O O

So O O O O O
Recursion for the
first (nor-initial)
tat

Ss o o O o O NE

Sy O O O O O

» Time index
0 1 2 3 4 5)
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Decoding probleng Part 6

State
A

S1 O O O O

Sa O O O O O
Recursion for the
first (norvinitial)

tat
Ss o o O o O I HE
Sy O O O O O
» Time index
0 1 2 3 4 5)
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Decoding probleng Part 7

State
A
S1 O O O O
S O O O O O
Recursion for the
second state
S3 O O O O O
Sy O O O O O
» Time index
0 1 2 3 4 5)
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Decoding probleng Part 8

State
A
S O O O O
So O O O O
Recursion for the
second state
S3 O O O O O
Sy O O O O O
» Time index
0 1 2 3 4 5!
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Decoding probleng Part 9

State
A
S1 O O O O
S O O O O
Recursion for the
third state
S3 O O O O
Sy O O O O
» Time index
0 1 2 3 4 5)
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Decoding probleng Part 10

State
A
S1 O O O O
S O O O O
Recursion for the
third state
S3 O O O O
Sy O O O O O
» Time index
0 1 2 3 4 5)
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Decoding probleng Part 11

State
A
S1 O O o o
So /O O @) O @)
Recursion for the
/ fourth state
S3 —0 @) O O O
Sy O O O @) @)
» Time index
0 1 2 3 4 5)
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Decoding probleng Part 12

State
A
Sh @) @ O O
S @) O O O
Recursion for the
fourth state
Ss @) O O O
Sa O @) O O O
» Time index
0 1 2 3 4 5)
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Decoding probleng Part 13

State
A
S1 O O O Q O O
Sa O O ®) O
Complete
recursion
Ss ® O ®
Sa O o O————0 O
» Time index
0 1 2 3 4 5)
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Decoding probleng Part 14

State
A
Sh \-~O O O Q @ O
Sa O O O O
Termination
Ss ® O ®
Sa O {0 O——0 O\
» Time index
0 1 2 3 4 5)
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Decoding probleng Part 15

State
A

S1 O O O Q @ O

Sa O O O O
Backtracking
of the optimal
state sequence

Sy |- A& S S: S Q 0

S, O O— 0O oO— >0 @\‘

» Time index
0 1 2 3 4 5)
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Generating feature vectors using a hidden Markov madeart 1

Basics

Gaussian mixture model
of the first state

Transition
probabilities ~
aop1

Initial state Final state

~

Gaussian mixture model
of the second state

aop2
Emission
probabilities ™ by ()
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Generating feature vectors using a hidden Markov madeart 2

Initial state

Initial state

Sofar

observation sequence—/””)
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